Topological twists of supersymmetric algebras of observables by Elliott, Chris & Safronov, Pavel
  
 
 
 
Edinburgh Research Explorer 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Topological twists of supersymmetric algebras of observables
Citation for published version:
Elliott, C & Safronov, P 2019, 'Topological twists of supersymmetric algebras of observables',
Communications in Mathematical Physics, vol. 371, pp. 727–786. https://doi.org/10.1007/s00220-019-
03393-9
Digital Object Identifier (DOI):
10.1007/s00220-019-03393-9
Link:
Link to publication record in Edinburgh Research Explorer
Document Version:
Peer reviewed version
Published In:
Communications in Mathematical Physics
General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.
Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.
Download date: 22. Sep. 2020
Topological Twists of Supersymmetric Algebras of Observables
Chris Elliott Pavel Safronov
December 10, 2018
Abstract
We explain how to perform topological twisting of supersymmetric field theories in the language of factoriza-
tion algebras. Namely, given a supersymmetric factorization algebra with a choice of a topological supercharge
we construct an algebra over the operad of little disks. We also explain the role of the twisting homomorphism al-
lowing us to construct an algebra over the operad of framed little disks. Finally, we give a complete classification
of topological supercharges and twisting homomorphisms in dimensions 1 through 10.
1 Introduction
Quantum field theories contain a large amount of information, part of which has been formalized mathematically.
For instance, given a quantum field theory on a manifold M , we may consider the set of observables Obs(U)
supported on an open subset U ⊆ M . Given a disjoint collection of open subsets U1, . . . , Un ⊆ V ⊆ M we may
combine observables supported on each open set to get an operator product map Obs(U1)⊗· · ·⊗Obs(Un)→ Obs(V ).
In this way, Costello and Gwilliam gave a formalization of the structure of observables in perturbative quantum
field theories as a factorization algebra, see [CG17; CG18].
Topological field theories do not depend on the precise shape of the manifold, so we expect that the maps Obs(U)→
Obs(V ) are equivalences for an embedding of open subsets U ⊆ V which is a homotopy equivalence. In other words,
observables in topological field theories are described by locally-constant factorization algebras. According to [Lur17,
Theorem 5.4.5.9], in the case where M = Rn locally-constant factorization algebras are the same as En-algebras,
i.e. algebras over the operad of little n-disks.
Most quantum field theories are not topological, since they explicitly depend on a metric on M . To obtain a
topological quantum field theory from a more general quantum field theory, and as a first example, to obtain a
topological field theoretic description for Donaldson invariants of 4-manifolds, Witten [Wit88] introduced the idea of
a topological twisting. We may start with a non-topological quantum field theory and consider its deformations to
a topological quantum field theory (note that local constancy is an open condition). Deformations of factorization
algebras are parametrized by their derivations of degree 1 and a large source of such derivations is given by quantum
field theories which in addition carry an action of a super Poincare´ algebra.
More explicitly, consider a translation-invariant factorization algebra Obs on Rn together with a degree 1 derivation
Q such that the generators of translations are Q-exact. Then we expect that the twisted factorization algebra ObsQ,
i.e. Obs equipped with the differential d + Q, corresponds to a topological field theory. In particular, one should
be able to extract an En-algebra from it.
In this paper we will formalize this idea, explaining in what sense we can recover En-algebras and more refined
structures from topologically twisted factorization algebras. We begin with an explanatory outline of our results,
followed by a more detailed summary in which we will make more precise statements.
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2 Section 1 Introduction
• We can construct En-algebras from topologically twisted factorization algebras subject to a single condition:
that the map Obs(Br(0))→ Obs(BR(0)) on concentric balls of radii R > r is an equivalence.
• This condition is automatically satisfied in many natural examples, including those coming from superconfor-
mal field theories.
• In many of these natural examples these En-algebras are additionally compatible with the action of SO(n).
This means the topological field theories can be defined on any oriented n-manifold.
Remark 1.1. We do not know whether the twisted factorization algebra ObsQ is locally-constant, so our arguments
will not use Lurie’s result comparing locally-constant factorization algebras and En-algebras. Instead we will equip
the local observables of the topologically twisted factorization algebra directly with an action of a specific model
for the En-operad.
In addition to understanding twisted factorization algebras abstractly we will give a complete classification of the
possible twists coming from super Poincare´ algebra actions in dimensions 1 to 10.
1.1 Topological twists
Let us summarize our results in more precise terms. Suppose Obs is a translation-invariant factorization algebra
on Rn where translations are homotopically trivial (we say Obs is a de Rham translation-invariant factorization
algebra: we define this precisely in Definition 2.22). There is a coloured operad Diskcoln with the set of colours R>0
which is defined in the same way as the operad of little n-disks, but where the colours correspond to the radii of
the disks. Let Br(0) ⊆ Rn be the standard open disk of radius r centered at the origin.
Theorem 1.2 (See Theorem 2.23). Let Obs be a de Rham translation-invariant factorization algebra on Rn. Then
the collection {Obs(Br(0))}r>0 becomes an algebra over Diskcoln .
It is then natural to ask when a Diskcoln -algebra {A(r)}r>0 is an En-algebra, i.e. when it is possible to forget the
parameterization by radii of disks. The unary operations in Diskcoln give maps A(r)→ A(R) for R ≥ r. Moreover,
we have a natural forgetful functor from En-algebras to Diskcoln -algebras where the family {A(r)} is constant.
Theorem 1.3 (See Theorem 2.29). The forgetful functor of ∞-categories AlgEn → AlgDiskcoln is fully faithful. Its
essential image is given by those families {A(r)} where the map A(r)→ A(R) for R ≥ r is an equivalence.
Supersymmetric field theories provide a natural family of examples of de Rham translation-invariant factorization
algebras. We review the definitions of supersymmetry algebras and supersymmetric field theories in Section 3. In
particular, a supertranslation algebra A is a super Lie algebra with even part V = Cn, the Lie algebra of translations.
The group of R-symmetries is a subgroup of the group of automorphisms of A which preserve the even part. A
topological supercharge is a square-zero odd element Q ∈ A such that the bracket [Q,−] is surjective onto the even
part of A. We then have the following statement.
Theorem 1.4 (See Proposition 3.12). Let Obs be an A-supersymmetric factorization algebra on Rn and Q ∈ A
a topological supercharge with an abelian section. Moreover, suppose ObsQ(Br(0)) → ObsQ(BR(0)) is a quasi-
isomorphism for R ≥ r. Then the collection {ObsQ(Br(0))} forms an En-algebra.
In particular this justifies the term “topological supercharge”: by twisting a supersymmetric factorization algebra
by a topological supercharge we produce a topological field theory.
Note that in the previous claim we had to choose an abelian section for Q, i.e. an abelian subalgebra of Aodd which
maps under [Q,−] isomorphically onto the even part. We show in Proposition 3.14 that in all examples of interest
such a choice can be made.
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Let us also remark that the factorization algebra Obs we start with has a Z × Z/2-grading corresponding to the
ghost number and the fermionic charge. If we can extend a topological supercharge Q to a twisting datum (meaning
we choose a circle action on Obs compatible with Q, see Definition 3.8), then the twisted factorization algebra ObsQ
will be Z-graded. Without this choice ObsQ is merely Z/2-graded. When we classify square-zero supercharges in
Section 4, we will specify for each supercharge whether we can extend it to a twisting datum.
We may also consider square-zero supercharges which are not topological, i.e. when the image of [Q,−] is a
proper subspace of V . We show in Proposition 3.25 that the image is at least half-dimensional. We call square-zero
supercharges with a half-dimensional image holomorphic. For instance, in dimension 2 factorization algebras twisted
by holomorphic supercharges give rise to vertex algebras as explained in [CG17, Chapter 5, Section 2]. There are
also intermediate cases between holomorphic and topological supercharges which we call holomorphic-topological
supercharges. One would like to think of an n-dimensional field theory twisted by a holomorphic-topological
supercharge whose image has codimension k as a field theory on Ck × Rn−2k which is holomorphic along Ck and
topological along Rn−2k. Such theories were originally considered by Kapustin [Kap06], and the term “holomorphic-
topological” first appeared in [KS09b].
It is natural to ask if there are ways to ensure that ObsQ(Br(0))→ ObsQ(BR(0)) is a quasi-isomorphism. If ObsQ
admits a homotopically trivial dilation action, the map ObsQ(Br(0)) → ObsQ(BR(0)) is a quasi-isomorphism by
Proposition 3.38. In particular, we show in Lemma 3.45 that such a homotopically trivial dilation action exists
in many superconformal field theories. Moreover, it is enough to have this action only on the classical level (see
Remark 3.39).
1.2 Oriented field theories
If M is a framed n-manifold and A is an En-algebra, we may consider its factorization homology
∫
M
A (see e.g.
[AF15]) which is a cochain complex. In particular, this allows us to define observables on any framed manifold. If
we want to define factorization homology for a manifold M which is only oriented, we need to extend A to a framed
En-algebra, i.e. an algebra over the operad of framed little n-disks. In other words, En is an operad in SO(n)-spaces
and a framed En-algebra is an En-algebra equipped with a compatible action of the chains C•(SO(n)) (see e.g.
[SW03]). More generally, for a Lie group G with a homomorphism G → O(n) we may define the factorization
homology
∫
M
A over M when M carries a G-reduction of the frame bundle and A is an EGn -algebra. We recover
the oriented case for G = SO(n) and the framed case for G = pt.
We may ask when it is possible to extend the twisted factorization algebra ObsQ described above to a framed
En-algebra. In general, we consider supersymmetric quantum field theories, so the untwisted factorization algebra
Obs carries a compatible action of rotations. However, the supercharge Q is never preserved by this action, so
this action of rotations does not survive the twist. To correct this problem, Witten [Wit88] modifies the action of
rotations by means of a twisting homomorphism. A twisting homomorphism is a homomorphism φ : SO(n) → GR
from the group of rotations to the group of R-symmetries which allows us to define a new action of rotations
on the factorization algebra Obs using the embedding (id, φ) : SO(n) → SO(n) × GR. If the supercharge Q is
scalar under the φ-twisted SO(n)-action, we say that Q is compatible with the twisting homomorphism φ. When
we classify square-zero supercharges in Section 4, we will also classify possible twisting homomorphisms and say
which supercharges are compatible. Note that if Q is any square-zero supercharge (not necessarily topological) in
dimension n ≥ 3 compatible with a twisting homomorphism φ, then Q is automatically a topological supercharge
by Theorem 3.18 (this is usually taken as the definition of a topological supercharge).
To summarize, given a topological supercharge Q compatible with a twisting homomorphism φ we get an SO(n)-
action on ObsQ. However, to define a framed En-algebra we need to have an action of the chains C•(SO(n)) on
ObsQ. Explicitly, we are looking for SO(n)-actions in the de Rham sense (see Definition 2.21), i.e. where the Lie
algebra action is homotopically trivial. Then we get the following statement (see Theorem 3.20).
Theorem 1.5. Let Obs be an A-supersymmetric factorization algebra on Rn, Q a topological supercharge com-
patible with a twisting homomorphism φ : SO(n)→ GR. Suppose that the following two conditions hold.
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• The factorization map ObsQ(Br(0))→ ObsQ(BR(0)) is a quasi-isomorphism.
• The φ-twisted SO(n)-action on ObsQ extends to a de Rham SO(n)-action.
Then the collection {ObsQ(Br(0))} forms a framed En-algebra.
Note that if we did not have an extension of the φ-twisted SO(n)-action to a de Rham SO(n)-action, we would get
the structure of a ESO(n)δn -algebra, where SO(n)δ is the Lie group SO(n) considered with the discrete topology. To
such an algebra we can apply factorization homology over an oriented manifold M if the manifold carries a flat
connection on its tangent bundle (for instance, it is an affine manifold). There are also versions of this theorem for
any Lie group G with a homomorphism G→ O(n).
One might then wonder how one can construct an extension of the φ-twisted SO(n)-action to a de Rham SO(n)-
action. There are two natural mechanisms for that:
• In the case of superconformal theories in dimension 2, 3 or 4, the homotopy trivialization may be obtained
from the generators of the superconformal algebra as shown in Propositions 4.6, 4.12 and 4.26 (in the case of
dimension 4, this works only for certain twisting homomorphisms and topological supercharges).
• If Obs is an ~-family of factorization algebras obtained by deformation quantization of a classical field theory
and the φ-twisted SO(n)-action on ObsQ is inner, then the φ-twisted SO(n)-action on the quantum observables
ObsQ[~−1] is automatically homotopically trivial (See Remark 2.10).
One expects that a topological field theory should assign diffeomorphism invariants to manifolds. For observables
this means that the complex of observables on Rn carries a Diff(Rn)-action in the de Rham sense. Given a
supersymmetric factorization algebra Obs, it usually only carries a Poincare´ action (i.e. an action of Killing vector
fields) since the action of the theory involves the choice of a metric. The obstruction to extending this action to an
action of all vector fields is given by the gravitational stress-energy tensor (see Section 3.5). If Q is a topological
supercharge compatible with a twisting homomorphism φ, then one still has an action of Killing vector fields on
ObsQ. Moreover, in many supersymmetric field theories the gravitational stress-energy tensor is Q-exact which
shows that there is an action of all vector fields on ObsQ (Lemma 3.33). Note, however, that we do not expect this
to be a de Rham Diff(Rn)-action.
1.3 Structure of the paper
Section 2 takes place in the world of homological and homotopical algebra – the abstract mathematical machinery
that we will use is concentrated entirely in this section. We remind the reader the basics of factorization algebras
(in Section 2.1) and group actions thereon (in Section 2.2). In particular, we explain what it means to have a
group action in the de Rham sense. We study factorization algebras with an action of the group of translations
(Section 2.3), and investigate how this condition can be reformulated operadically. We then study de Rham
translation-invariant factorization algebras (Section 2.4) and show how to obtain the data Diskcoln -algebras from
them. Analyzing the natural pushout of coloured operads, we show that En-algebras sit fully faithfully in the ∞-
category of Diskcoln -algebras (Theorem 2.29). Finally, in Section 2.5 we study analogues of these results for theories
with a G-structure.
Section 3 is devoted to supersymmetric field theories. This section is much less high-tech than the previous section:
other than the definition of the twist we will perform calculations relying only on ordinary Lie theory. We begin
in Section 3.1 with a recollection on (complex) supersymmetry algebras in various dimensions and define what it
means for a factorization algebra on Rn to be supersymmetric. We then define topological twists of supersymmetric
factorization algebras by topological supercharges (Section 3.2) and explain when we get a de Rham translation-
invariant theory (Proposition 3.12). When we additionally have the data of a twisting homomorphism from a group
G, we explain how we obtain de Rham translation-invariant theories with G-structure (Section 3.3). In Section
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3.4 we provide a recollection on pure spinors which will be later used in the classification of twists in dimensions 7
through 10. In Section 3.5 we explain what the gravitational stress-energy tensor is and why supersymmetric field
theories carry an action of all vector fields (which is possibly not homotopically trivial). In Section 3.6 we explain
how the additional data of an En-algebra arises from a twisted theory where we additionally have a compatible action
of the group of dilations. Finally, Section 3.7 is devoted to superconformal algebras which are certain extensions of
supersymmetry algebras. We explain there how superconformal symmetry can be used to construct nullhomotopies
for rotations and to show that the factorization maps ObsQ(Br(0))→ ObsQ(BR(0)) are quasi-isomorphisms.
In Section 4 we provide a classification of possible twists of supersymmetric theories. This section engages most
closely with the techniques used in the physics literature on topological twists. We give a classification of twists in
dimensions 1 through 10:
• In each dimension we classify orbits of square-zero supercharges under the complexified Lorentz group, R-
symmetry and scaling. For each class of square-zero supercharges we specify the dimension of its image,
i.e. we explain whether it is topological, holomorphic, or one of the intermediate holomorphic-topological
possibilities.
• We also classify possible twisting homomorphisms from SO(n) and their compatible topological supercharges.
It turns out that these exist only in dimensions ≤ 5 and in higher dimensions we list some twisting ho-
momorphisms from subgroups of SO(n) which might be of interest. We also explain whether a square-zero
supercharge can be promoted to a twisting datum and whether this can be done compatibly with the twisting
homomorphism.
• Finally, we provide references where twisted supersymmetric theories for a given square-zero supercharge have
been studied. Let us note that there are several cases (in particular, in dimensions above 5) which have not
been analyzed from either the mathematical or physical perspective to our best knowledge.
Let us mention a recent article of Eager, Saberi and Walcher [ESW18] appearing subsequent to the first version
of this paper that also studies the possible square zero supercharges in supersymmetric field theories, and includes
discussion of the geometry of the varieties of such supercharges.
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2 Factorization Algebras and En-Algebras
Throughout the paper we work over the ground field C of complex numbers. Thus, all complexes, Lie algebras and
so on are over C. The chain complexes of observables will be differentiable chain complexes, see [CG17, Appendices
B, C].
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2.1 Models for Perturbative Field Theory
We begin by outlining the theory of factorization algebras as a model for classical and quantum field theory on Rn.
One can model a classical perturbative field theory and its quantization starting from either of two “dual” points
of view.
1. The BV–BRST complex of fields: a sheaf of L∞-algebras on Rn that gives a derived model for the space of
gauge-equivalence classes of solutions to the equations of motion.
2. The factorization algebra of observables: a multiplicative version of a cosheaf of cochain complexes on Rn
built from the BV–BRST complex by taking Chevalley-Eilenberg cochains.
Our focus for this article will be the second point of view, that of factorization algebras, but we will conclude this
section with some remarks on the BV–BRST complex.
Let us begin by explaining what a factorization algebra is. The idea is that we can model observables in a field
theory on each open subset of the spacetime (i.e. of Rn), along with the data of how to extend observables from a
smaller open set to a larger one. That is, we will describe a kind of precosheaf. Fix a symmetric monoidal category
C, for instance the category of vector spaces.
Definition 2.1. A prefactorization algebra on Rn is a “multiplicative” precosheaf Obs with values in C on Rn.
That is, an assignment of Obs(U) ∈ C to each open set, along with structure maps ⊗ni=1 Obs(Ui) → Obs(V ) for
each pairwise disjoint collection of open subsets U1, . . . , Un ⊆ V satisfying the natural compatibility conditions.
Definition 2.2. A factorization algebra on Rn is a prefactorization algebra which satisfies descent for covers {Ui}
of open sets U satisfying the condition that for any sequence of points x1, . . . , xn in U there is an element Ui of the
cover so that {x1, . . . , xn} ⊆ Ui. Such covers are known as Weiss covers (see [CG17, Chapter 6, Section 1] for a
precise definition).
The idea here is that the local sections Obs(U) on an open set U model the (classical or quantum) C-valued
observables of a theory that depend only on measurements inside of U , so in particular there is a canonical extension
(our structure maps) Obs(U) → Obs(V ) for every pair of open sets U ⊆ V . The sheaf condition is intended to
convey the idea that all observables are determined by their values on arbitrarily small neighbourhoods of finite
sets of points.
The observables in a classical field theory carry an additional structure: a degree 1 Poisson bracket.
Definition 2.3. A P0-algebra is a commutative dg algebra A together with a Poisson bracket of cohomological
degree 1: that is, a Lie bracket {−,−} : A⊗A→ A[1] which is a derivation for the product.
Let AlgP0 denote the symmetric monoidal category of P0-algebras with tensor product given by the tensor product
of the underlying complexes.
Let us briefly comment on the passage from classical to quantum observables which is given by BV quantization
introduced in [BV81]. We will follow the modern account given in [CG18, Chapter 2.4].
Definition 2.4. A BD0-algebra is a complex of flat C[[~]]-modules together with a commutative multiplication and
a Poisson bracket of degree 1 satisfying the relation
d(ab) = d(a)b+ (−1)|a|ad(b) + ~{a, b}.
Note that if A˜ is a BD0-algebra, A˜/~ becomes a P0-algebra. Conversely, given a P0-algebra A, a deformation quanti-
zation is a BD0-algebra A˜ together with an isomorphism A˜/~ ∼= A of P0-algebras. Similarly, given a prefactorization
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algebra Obs representing the classical observables in a classical field theory, a quantization is a prefactorization al-
gebra Obsq valued in BD0-algebras together with an isomorphism Obsq/~ ∼= Obs. There is a comprehensive theory
governing the process of quantizing factorization algebras of classical observables via renormalization [CG18].
Throughout the paper our results will be valid in all of the following settings:
• (Classical). We consider prefactorization algebras valued in P0-algebras.
• (Quantum). We consider prefactorization algebras valued in complexes.
• (Deformation quantization). We consider prefactorization algebras valued in BD0-algebras.
We will conclude this section with a comment on the dual point of view, where we model a field theory starting
from its space of classical fields and action functional. We represent classical field theory from this point of view
using the Batalin-Vilkovisky formalism – we refer to Costello [Cos11, Chapter 5] and Costello and Gwilliam [CG17]
for a more detailed account.
Definition 2.5. A classical field theory on Rn is a sheaf L of L∞-algebras on Rn along with an invariant antisym-
metric pairing of degree −3 (sometimes called the antibracket):
〈−,−〉 : L⊗ L→ DensRn [−3].
In order to match up with the physics terminology we will refer to this sheaf of Lie algebras as the BV–BRST
complex of the theory.
These BV–BRST complexes can be constructed algorithmically from the more traditional physical data of a space
of fields with a gauge action and an action functional; it models the tangent complex to the derived critical locus
of the action functional. In brief, one models the space of infinitesimal gauge transformations, with its action on
the space of physical fields, by a sheaf Φ of L∞-algebras (the “BRST complex”). The BV-BRST complex is then
constructed as the sum Φ⊕Φ![−3] – where Φ! is a topological dual space to Φ tensored by the sheaf of densities on
Rn – with L∞ structure deformed using the classical action functional. For details, see [CG18, Section 5.3].
Recall that the Chevalley-Eilenberg cochain complex of an L∞ algebra g is the cochain complex C•(g) = Sym(g[1])∗
with differential coming from the L∞ structure on g. An invariant symmetric pairing of degree −3 on g induces a
P0-algebra structure on C•(g).
Definition 2.6. Let L be an L∞ algebra describing a classical field theory on Rn. Its algebra of classical observables
is the prefactorization algebra Obs valued in AlgP0 that assigns to an open set V the P0-algebra
ObsL(V ) := C
•(L(V )).
In fact, in reasonable circumstances this prefactorization algebra is a factorization algebra (see [CG17, Chapter 6,
Theorem 6.0.1] for the precise statement).
2.2 Smooth Group Actions
There are several senses in which a field theory can be thought of as equivariant with respect to the action of a
Lie group G. We will mostly consider group actions in a strong sense, where we have a smooth action of the Lie
group relating observables on different open sets along with a compatible infinitesimal action of its Lie algebra by
derivations on each open set.
We will consider derivations of algebras as follows:
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• If A is a P0- or a BD0-algebra, a derivation F : A → A is an endomorphism which is a derivation of the
multiplication and the bracket.
• If A is a complex, a derivation is merely an endomorphism.
Definition 2.7 ([CG17, Chapter 4, Definition 8.1.2]). A degree k derivation of a prefactorization algebra Obs on
Rn is a cohomological degree k derivation FU : Obs(U)→ Obs(U) for each open set U in Rn that collectively satisfy
a Leibniz rule. That is, if U1, . . . , Um ⊆ V are disjoint open subsets of an open set, and mVU1,...,Um is the associated
factorization map, we require that
FV ◦mVU1,...,Um(O1, . . . ,Om)
=
m∑
i=1
(−1)k(|O1|+···+|Oi−1|)mVU1,...,Um(O1, . . . , FUi(Oi), . . . ,Om).
The complex Der(Obs) of derivations of arbitrary degree is naturally a dg Lie algebra, with the bracket defined on
each open set.
Definition 2.8. If g is a dg Lie algebra and Obs is a prefactorization algebra on Rn, an action of g on Obs is a
morphism g→ Der(Obs) of dg Lie algebras.
We may also consider inner actions of dg Lie algebras on the observables:
• If Obs is a prefactorization algebra valued in P0 or BD0-algebras, then there is a morphism of dg Lie algebras
Obs(Rn)[−1]→ Der•(Obs) defined by O 7→ {O,−}.
• If Obs is a prefactorization algebra valued in complexes, we equip Obs(Rn)[−1] with the trivial bracket and
let Obs(Rn)[−1]→ Der•(Obs) be the zero map.
Definition 2.9. A g-action g → Der•(Obs) is inner if it factors through a morphism g → Obs(Rn)[−1] of dg Lie
algebras.
Remark 2.10. Note that by definition an inner action on a prefactorization algebra valued in complexes is trivial.
Similarly, an inner action on a prefactorization algebra Obs valued in BD0-algebras is homotopically trivial on
Obs[~−1] (see e.g. [KKP08, Lemma 4.15]).
The following definition generalises the definition of a smooth translation action in [CG17, Chapter 4 Definition
8.1.3].
Definition 2.11. Let G be a Lie group with an action ρ : G→ Diff(Rn) on Rn by diffeomorphisms. We say G acts
smoothly on a prefactorization algebra Obs on Rn if we have an action of the complexified Lie algebra g on Obs by
derivations, which we denote by v 7→ d/dv, along with isomorphisms αg : Obs(U) → Obs(ρ(g)(U)) for each g ∈ G
and each open subset U ⊆ Rn which satisfy the following conditions.
• For each g1, g2 ∈ G, αg1 ◦ αg2 = αg1g2 .
• If U1, U2 ⊆ V are disjoint open subsets such that ρ(g)(U1) and ρ(g)(U2) are disjoint for g ∈ G, then the square
Obs(U1)⊗Obs(U2)
αg
//

Obs(ρ(g)(U1))⊗Obs(ρ(g)(U2))

Obs(V )
αg
// Obs(ρ(g)(V ))
commutes.
9 Section 2 Factorization Algebras and En-Algebras
• For each collection U1, . . . , Uk ⊆ V of disjoint open subsets, the composite map
mg1,...,gk : Obs(U1)⊗ · · · ⊗Obs(Uk)→ Obs(ρ(g1)(U1))⊗ · · · ⊗Obs(ρ(gk)(Uk))
→ Obs(V )
varies smoothly in the space
{(g1, . . . , gk) ∈ Gk : the ρ(gk)(Uk) are disjoint subsets of V }.
• For each v ∈ g we have the following compatibility between the Lie group and Lie algebra actions:(
∂
∂v
)
i
mg1,...,gk(O1, . . . ,Ok) = mg1,...,gk(O1, . . . ,
∂
∂v
Oi, . . . ,Ok)
for every i, where on the left we are taking the directional derivative with respect to the element
(0, . . . , 0, Lgi(v), 0, . . . , 0) ∈ Tg1,...,gkGk
with v in the ith slot.
2.3 Translation-invariant Prefactorization Algebras
Consider the action of Rn on itself by translations.
Definition 2.12. A translation-invariant prefactorization algebra is a prefactorization algebra Obs on Rn equipped
with a smooth action of the translation group Rn.
Let us give an operadic reformulation of this structure. Let Br(x) ⊆ Rn be the open n-disk of radius r with center
at x ∈ Rn and let Pr(x) ⊆ Cn be the open n-polydisk of radius r with center at x ∈ Cn. Denote by Br(x) and
P r(x) their closures. We consider the following four operads:
• Let DiskMann be the R>0-coloured operad in smooth manifolds defined as follows. Define
DiskMann (r1, . . . , rk|R) ⊆ Rnk
to be the subset of vectors x1, . . . , xk ∈ Rn such that the map Br1(x1) unionsq · · · unionsq Brk(xk)→ BR(0) is injective.
The composition in DiskMann is defined by embedding of disks.
• Let PDiskMann be the R>0-coloured operad in complex manifolds where
PDiskMann (r1, . . . , rk|R) ⊆ Cnk
is the subset of vectors x1, . . . , xk ∈ Cn such that the map P r1(x1) unionsq · · · unionsq P rk(xk)→ PR(0) is injective.
• Let Diskcoln be the R>0-coloured operad in simplicial sets given by taking the singular set of Disk
Man
n .
• Let Diskn be the operad in simplicial sets defined as follows. Diskn(k) has a map to Rk>0 whose fiber at
(r1, . . . , rk) ∈ Rk>0 is Diskcoln (r1, . . . , rk|1). The composition is given by rescaling and embedding the disks.
Diskn is a model for the En-operad of little disks (see e.g. [MSS02, Chapter 4.1]) and Diskn-algebras are
En-algebras.
We have a morphism of coloured operads Diskcoln → Diskn given by collapsing all colours so that the map
Diskcoln (r1, . . . , rk|R) −→ Diskn(k)
is given by sending an embedding
Br1(x1) unionsq · · · unionsqBrk(xk)→ BR(0)
to the rescaled embedding
Br1/R(x1/R) unionsq · · · unionsqBrk/R(xk/R)→ B1(0).
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Remark 2.13. The difference between the coloured operad Diskcoln and the operad Diskn is that in the former
we retain the information about the radii of the disks. As will be explained in Theorem 2.29, Diskn-algebras are
Diskcoln -algebras which are locally-constant in the radial direction.
Let O be an operad in manifolds. The functor C∞ from manifolds to convenient vector spaces is symmetric
monoidal, so C∞(O) forms a cooperad in convenient vector spaces. Similarly, Ω•(O) forms a cooperad in complexes
of convenient vector spaces (see [CG17, Chapter 5, Section 1.3]). We may then talk about algebras over C∞(O) or
Ω•(O) in differentiable chain complexes.
The singular chain complexes C•(O) form a dg operad and we may talk about algebras over C•(O) in chain
complexes. For a manifold M we have an integration map C•(M) ⊗ Ω•(M) → R, so an algebra in differentiable
chain complexes over the cooperad Ω•(O) gives rise to an algebra in chain complexes over the operad C•(O).
For a prefactorization algebra Obs on Rn we denote by Fr = Obs(Br(0)) the observables on the standard disk of
radius r. The following statement is shown in [CG17, Chapter 4, Section 8.2].
Proposition 2.14. A translation-invariant prefactorization algebra Obs on Rn gives rise to an algebra {Fr}r∈R>0
over the coloured cooperad C∞(DiskMann ) in the category of differentiable chain complexes.
If we have additional structure on a translation-invariant prefactorization algebra, we may enhance this collection
to an algebra structure over either the coloured operad PDiskMann/2 or the coloured operad Disk
col
n .
We begin with the holomorphic case. Recall that if Obs is a translation-invariant prefactorization algebra on
R2n ∼= Cn we get derivations ∂∂zi of Obs for every i = 1, . . . , n.
Definition 2.15. A holomorphic translation-invariant prefactorization algebra is a translation-invariant prefactor-
ization algebra on Cn equipped with the following data: for every v ∈ Cn we have derivations ηi of Obs of degree
−1 satisfying the following equations:
dηi =
∂
∂zi[
∂
∂zi
, ηj
]
= 0
[ηi, ηj ] = 0
for every i, j = 1, . . . , n.
The following statement is shown in [CG17, Chapter 5, Proposition 1.3.1].
Proposition 2.16. A holomorphic translation-invariant prefactorization algebra Obs on Cn gives rise to an algebra
{Obs(Pr(0))}r∈R>0 over the coloured cooperad Ω0,•(PDiskMann ) in the category of differentiable chain complexes.
Remark 2.17. An algebra over the cooperad Ω0,•(PDiskMan1 ) is closely related to the notion of a vertex algebra.
We refer to [Hua91] and [CG17, Chapter 5, Section 2] for more details.
2.4 De Rham Translation Invariance
In this section we explain how to produce En algebras from translation-invariant prefactorization algebras where
the translation action is homotopically trivialized. The arguments in this section (but only in this section and the
subsequent Section 2.5) will use techniques from homotopical algebra. At a first pass, in order to understand the
results of this section as they will be applied in the rest of the paper it will be sufficient to read the initial definitions,
up to Definition 2.22 and then the statement of Corollary 2.30.
We will be interested in actions of the homotopy type of a Lie group on a prefactorization algebra. Such an action
can be defined in the following way.
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Definition 2.18. Let G be a Lie group which acts on Rn with an ideal g0 ⊆ g in its complexified Lie algebra which
is stable under the G-action. Suppose Obs is a prefactorization algebra on Rn with a smooth G-action. We say the
g0-action is homotopically trivial if it is equipped with a G-equivariant map η : g0 → Der(Obs)[−1] of graded vector
spaces satisfying the following equations:
dη(v) =
∂
∂v
[η(v), η(w)] = 0.
Remark 2.19. Note that if G is a connected Lie group, we may rephrase G-equivariance of η : g0 → Der(Obs)[−1]
via the equation
η([v, w]) =
[
η(v),
∂
∂w
]
for any v ∈ g0 and w ∈ g.
Example 2.20. Consider G = R2n ∼= Cn acting on R2n by translations. We have g = Cn ⊗R C and let
g0 = span
{
∂
∂zi
}
i
⊆ g.
Then a translation-invariant prefactorization algebra on Cn for which the g0-action is homotopically trivial is exactly
a holomorphic translation-invariant prefactorization algebra (see Definition 2.15).
Definition 2.21. Let G be a Lie group which acts on Rn. A GdR-action on a prefactorization algebra Obs on Rn
is a smooth action of G on Obs for which the g-action is homotopically trivial.
We can now give the following topological analogue of Definition 2.15.
Definition 2.22. A translation-invariant prefactorization algebra Obs on Rn is de Rham translation-invariant if
the smooth Rn-action on Obs is extended to a RndR-action.
De Rham translation invariance allow us to enhance the action of DiskMann to a locally-constant action as follows.
Theorem 2.23. A de Rham translation-invariant prefactorization algebra Obs on Rn gives rise to an algebra
{Fr}r∈R>0 over the coloured cooperad Ω•(DiskMann ) in the category of differentiable chain complexes.
Let us first state a preliminary result.
Lemma 2.24. Let g be a finite-dimensional dg Lie algebra with a representation f : g → End(V ) and a map
η : g→ End(V )[−1] satisfying the following equations:
f(v) = dη(v) + η(dv)
η([v, w]) = [η(v), f(w)]
[η(v), η(w)] = 0
Then the map V → C•(g, V ) given by
v 7→ exp
(∑
i
eiη(ei)
)
v
is a chain map, where {ei} is a basis of g and {ei} is the dual basis of g∗.
Proof of Theorem 2.23. We will give a proof in a slightly more general setting so that it will be amenable to
generalizations. Let G˜ = Rn be the group of translations and let g˜ = Rn be its Lie algebra.
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By definition the space DiskMann (r1, . . . , rk|R) is an open subset of G˜k, so we can identify
Ω•(DiskMann (r1, . . . , rk|R)) ∼= C•(g˜, C∞(DiskMann (r1, . . . , rk|R))).
We have maps
µ0 : Fr1 ⊗ · · · ⊗ Frk −→ C∞(DiskMann (r1, . . . , rk|R),FR)
provided by Proposition 2.14 which are g˜⊕k-equivariant. We define
µ ∈ Ω•(DiskMann (r1, . . . , rk|R),Hom(Fr1 ⊗ · · · ⊗ Frk ,FR))
to be the composite
Fr1 ⊗ · · · ⊗ Frk → C•(g˜⊕k,Fr1 ⊗ · · · ⊗ Frk)
µ0−→ C•(g˜⊕k, C∞(DiskMann (r1, . . . , rk|R),FR))
where the map in the first line is given by Lemma 2.24. By construction it is a chain map and it is straightforward
to check the operadic identities for µ using those for µ0.
Thus, by the above proposition we obtain an algebra over the coloured operad C•(DiskMann ) in chain complexes. In
the rest of this section we explain a precise relationship between such algebras over the coloured operad C•(DiskMann )
and Diskn-algebras (i.e. En-algebras).
Fix a presentable symmetric monoidal∞-category C and let AlgDiskcoln (C) be the∞-category of algebras over Disk
col
n
considered as an ∞-operad (see [Lur17, Definition 2.1.1.23]).
Remark 2.25. if C is the ∞-category of chain complexes, by [Hin15, Theorem 4.1.1] we may identify AlgDiskcoln (C)
as the localization of the category of C•(Diskcoln )-algebras in chain complexes with respect to quasi-isomorphisms.
Given a simplicial category D we denote by pi0(D) the category obtained by applying pi0 to the Hom-sets.
Definition 2.26. Let F : D→ E be a functor of simplicial categories. It is a Dwyer–Kan equivalence if F : pi0(D)→
pi0(E) is essentially surjective and
HomD(x, y)→ HomE(F (x), F (y))
is a weak equivalence of simplicial sets for every x, y ∈ D.
Given a simplicial coloured operad O, consdering only operations of arity 1 we obtain a simplicial category O1.
Recall from [Ber07] that there is a model structure on simplicial categories with weak equivalences given by Dwyer–
Kan equivalences. Also recall from [Rob11; CM13] that the category of simplicial coloured operads carries a model
structure where F : O → P is a weak equivalence if O1 → P1 is a Dwyer–Kan equivalence and for every collection
of colours,
O(c1, . . . , ck|d)→ P(F (c1), . . . , F (ck)|F (d))
is an equivalence of simplicial sets. We will only consider simplicial coloured operads with O(0) = ∗.
We may view R>0 as a poset, hence as a category. In particular, we have the associated R>0-coloured operad
concentrated in arity 1 that we denote by the same symbol.
Proposition 2.27. The diagram of simplicial coloured operads
Diskn Disk
col
n
oo
1
OO
R>0oo
OO
is homotopy coCartesian.
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Proof. By [CM13, Theorem 8.7], the homotopy pushout Diskcoln unionsqhR>0 1 is equivalent to the strict pushout
P = Diskcoln unionsqR>0 I,
where R>0 → I is a cofibrant replacement of R>0 → 1.
The inclusion of simplicial categories into simplicial coloured operads is left Quillen, so we may assume that I is
concentrated in arity 1 and has the set of colours R>0. Moreover, since I → 1 is an acyclic fibration, I(r|R) is
contractible for any r,R ∈ R>0.
By construction the set of colours of P is R>0 and we can identify
P(r1, . . . , rk|R) ∼= colim
a1,...,ak→0
colim
b→∞
Diskcoln (a1, . . . , ak|b)× I(b|R)×
∏
i
I(ri|ai).
The functors P1 → I1 → ∗ are both Dwyer–Kan equivalences, so P1 → (Diskn)1 ∼= ∗ is a Dwyer–Kan equivalence
as well.
Let Confk(Rn) ⊆ Rnk be the space of configurations of k ordered points on Rn. Then we have maps
P(r1, . . . , rk|R) −→ Diskn(k) −→ Confk(Rn),
where Diskn(k)→ Confk(Rn) is a weak equivalence. Since the simplicial sets I(−|−) are contractible, the map
P(r1, . . . , rk|R) −→ colim
a1,...,ak→0
colim
b→∞
Diskcoln (a1, . . . , ak|b)
is a weak equivalence since weak equivalences in simplicial sets are stable under filtered colimits. Hence the map
P(r1, . . . , rk|R)→ Confk(Rn) is also a weak equivalence. Therefore, the map P(r1, . . . , rk|R)→ Diskn(k) described
above is a weak equivalence as well and we conclude that P → Diskn is a weak equivalence of simplicial coloured
operads.
Proposition 2.28. Let
D
F˜ //
G˜

D1
G

D2
F // D0
be a Cartesian square of ∞-categories. Then:
1. The essential image of F˜ consists of objects x ∈ D1 such that G(x) is in the essential image of F .
2. If F is fully faithful, so is F˜ .
Proof. The embedding S→ Cat∞ of ∞-groupoids into ∞-categories has a right adjoint
(−)∼ : Cat∞ −→ S
given by taking the maximal ∞-groupoid D∼ contained in D ∈ Cat∞. Since it is a right adjoint, it preserves fiber
products, so we obtain a Cartesian square of ∞-groupoids of objects
D∼ //

D∼1

D∼2 // D
∼
0
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which proves the first claim.
We also have a Cartesian square of ∞-categories
Fun(∆1,D) //

Fun(∆1,D1)

Fun(∆1,D2) // Fun(∆
1,D0)
and hence a Cartesian square of ∞-groupoids
Fun(∆1,D)∼ //

Fun(∆1,D1)
∼

Fun(∆1,D2)
∼ // Fun(∆1,D0)∼
For any two objects x, y ∈ D taking the fiber of the natural map Fun(∆1,D)∼ → D∼ ×D∼ in the above diagram
we obtain a Cartesian square of ∞-groupoids
HomD(x, y)
F˜ //
G˜

HomD1(F˜ (x), F˜ (y))
G

HomD2(G˜(x), G˜(y))
F // HomD0(GF˜ (x), GF˜ (y))
If F is fully faithful, the bottom map is an equivalence. Since the square is Cartesian, the top map is also an
equivalence. In other words, in this case F˜ : D→ D1 is fully faithful.
Theorem 2.29. The forgetful functor AlgDiskn(C) → AlgDiskcoln (C) is fully faithful with essential image given by
algebras {A(r)}r∈R>0 where the natural map A(r)→ A(R) for r ≤ R is an equivalence.
Proof. From Proposition 2.27 we obtain a homotopy coCartesian square of ∞-operads
Diskn Disk
col
n
oo
1
OO
R>0oo
OO
Therefore, we get a Cartesian square of ∞-categories of algebras
AlgDiskn(C)
F˜ //
G˜

AlgDiskcoln (C)
G

C
F // AlgR>0(C)
The functor F : C → AlgR>0(C) sends an object V to a sequence {V }r∈R>0 with all maps the identities. This
functor has a left adjoint colim: AlgR>0(C) → C given by evaluating the colimit of a coloured collection over the
poset R>0. The unit of the adjunction colim ◦F → id is an equivalence, so F is fully faithful. The essential image
is contained in coloured collections {V (r)}r∈R>0 where V (r) → V (R) is an equivalence for every pair r ≤ R. But
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the unit id → F ◦ colim is an equivalence on such coloured collections, so the essential image consists of precisely
such coloured collections.
Therefore, by Proposition 2.28 we can conclude that the forgetful functor
F˜ : AlgDiskn(C) −→ AlgDiskcoln (C)
is fully faithful with essential image given by those algebras {A(r)}r∈R>0 where the morphism A(r) → A(R) is an
equivalence.
We can summarise the results of this section in the following way: the following is just a restating of the combination
of Theorem 2.23 and Theorem 2.29.
Corollary 2.30. If Obs is a de Rham translation-invariant prefactorization algebra on Rn such that the factorization
map Obs(Br(0))→ Obs(BR(0)) is a quasi-isomorphism for all r ≤ R, then Obs(B1(0)) can be canonically equipped
with the structure of a Diskn-algebra.
Remark 2.31. Suppose Obs arises from a classical field theory, i.e. Obs is a prefactorization algebra on Rn valued
in the category of P0-algebras. Then Obs(B1(0)) becomes an En-algebra in the ∞-category of P0-algebras. By
[Saf16, Theorem 2.22] we may identify En-algebras in P0-algebras with Pn-algebras, i.e. commutative dg algebras
with a Poisson bracket of degree 1− n.
2.5 G-Structures
Fix a finite-dimensional Lie group G with a homomorphism G→ O(n).
Definition 2.32. A translation-invariant prefactorization algebra Obs on Rn has a G-structure if the smooth action
of Rn is extended to a smooth action of the group GnRn.
Let us now explain operadic consequences of a G-structure on a prefactorization algebra. Recall from [SW03] that
if O is a G-operad, then we can construct a semidirect product operad G n O such that a G n O-algebra in chain
complexes is the same as an O-algebra in chain complexes equipped with a G-action.
Observe that the (coloured) operads DiskMann ,Disk
col
n ,Diskn by construction carry a natural O(n)-action. Thus, we
may consider their G-equivariant versions:
• DiskMan,Gn is the R>0-coloured operad in smooth manifolds GnDisk
Man
n .
• Diskcol,Gn is the R>0-coloured operad in simplicial sets GnDisk
Man
n where we consider G as a simplicial group
by taking its singular complex.
• DiskGn is the operad in simplicial sets GnDiskn where we again treat G as a simplicial group.
Remark 2.33. The operad DiskSO(n)n is the operad of framed little n-disks and so Disk
SO(n)
n -algebras are framed
En-algebras.
We have the following variant of Proposition 2.14 with G-structures.
Proposition 2.34. A translation-invariant prefactorization algebra Obs on Rn with a G-structure gives rise to an
algebra {Fr}r∈R>0 over the coloured cooperad C∞(DiskMan,Gn ).
We may also consider de Rham translation-invariant versions.
Definition 2.35. A prefactorization algebra Obs on Rn is de Rham translation-invariant with a G-structure if it
carries a smooth GnRn-action for which the Lie algebra action Rn ⊆ gnRn is homotopically trivial.
16 Section 3 Supersymmetry and Topological Twists
Definition 2.36. A prefactorization algebra Obs on Rn is de Rham translation-invariant with a GdR-structure if
it carries a (GnRn)dR-action.
For G a Lie group we denote by Gδ the Lie group with the discrete topology. Then we have the following operadic
interpretations of G- and GdR-actions.
Theorem 2.37.
• A de Rham translation-invariant prefactorization algebra Obs on Rn with a G-structure gives rise to an algebra
{Fr}r∈R>0 in differentiable chain complexes over the coloured cooperad Ω•(DiskMan,Gδn ).
• A de Rham translation-invariant prefactorization algebra Obs on Rn with a GdR-structure gives rise to an
algebra {Fr}r∈R>0 in differentiable chain complexes over the coloured cooperad Ω•(DiskMan,Gn ).
Proof. The proof is identical to the proof of Theorem 2.23 where we perform the following modifications:
• If Obs has a G-structure, we let G˜ = GnRn and g˜ = Rn.
• If Obs has a GdR-structure, we let G˜ = GnRn and g˜ = gnRn.
As before, an algebra in differentiable chain complexes over Ω•(DiskMan,Gn ) gives rise to an algebra in chain complexes
over C•(Diskcol,Gn ).
Finally, we have an analogue of Theorem 2.29 for prefactorization algebras with a GdR-structure.
Theorem 2.38. The forgetful functor AlgDiskGn (C)→ AlgDiskcol,Gn (C) is fully faithful with essential image given by
algebras {A(r)}r∈R>0 where the natural map A(r)→ A(R) for r ≤ R is a quasi-isomorphism.
We can summarize Theorem 2.37 and Theorem 2.38 in the following way.
Corollary 2.39. If Obs is a de Rham translation-invariant prefactorization algebra on Rn with an SO(n)dR-
structure such that the factorization map Obs(Br(0)) → Obs(BR(0)) is a quasi-isomorphism for all r ≤ R, then
Obs(B1(0)) can be canonically equipped with the structure of a framed En-algebra.
3 Supersymmetry and Topological Twists
At this point we will change gears and begin to apply the results of the previous section to our main focus: the theory
of twists of supersymmetric field theories. We will begin by explaining what supersymmetric theories are in the
factorization algebra context, giving the definition of twisting, then apply our results to explain the circumstances
under which the observables in topologically twisted supersymmetric field theories admit En-structures and either
G- or GdR-structures.
3.1 Supersymmetry Algebras
We refer to [Del99] for some details on the material presented here.
Let VR = Rn endowed with a nondegenerate symmetric bilinear form. Denote by V = VR ⊗ C its complexification
and consider the complex Lie algebra so(V ). Let us recall that if n = 2q+1, so(V ) has a distinguished fundamental
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representation S called the spin representation. If n = 2q, so(V ) has a pair of distinguished fundamental represen-
tations S+ and S− called the semi-spin representations which are exchanged under the outer automorphism group
(recall that it is Z/2 for q ≥ 5). Elements of S (in odd dimensions) or S+ ⊕ S− (in even dimensions) are called
Dirac spinors, and elements of S+ or S− (in even dimensions) are called Weyl spinors.
Definition 3.1. A representation Σ of so(V ) is spinorial if it splits as a sum of semi-spin (if n = 2q) or spin (if
n = 2q + 1) representations.
Note that under the standard inclusion so(n − 1) ⊆ so(n) a spinorial representation restricts to a spinorial repre-
sentation.
We will use certain canonical so(V )-equivariant nondegenerate pairings Γ from spin representations to V . The
precise form of the pairing depends on dim(V ) modulo 8:
• If dim(V ) ≡ 0, 4 (mod 8), we have a pairing Γ: S+ ⊗ S− → V .
• If dim(V ) ≡ 1, 3 (mod 8), we have a pairing Γ: Sym2(S)→ V .
• If dim(V ) ≡ 2 (mod 8), we have pairings Γ± : Sym2(S±)→ V .
• If dim(V ) ≡ 5, 7 (mod 8), we have a pairing Γ: ∧2 (S)→ V .
• If dim(V ) ≡ 6 (mod 8), we have pairings Γ± : ∧2 (S±)→ V .
We then have the following proposition characterizing possible spinorial representations.
Proposition 3.2. Suppose Σ is a spinorial representation of so(V ) equipped with a nondegenerate so(V )-equivariant
pairing Sym2(Σ)→ V . Then Σ has the following form.
• Suppose dim(V ) ≡ 0, 4 (mod 8). There is a vector space W such that
Σ ∼= S+ ⊗W ⊕ S− ⊗W ∗.
• Suppose dim(V ) ≡ 1, 3 (mod 8). There is a vector space W equipped with a nondegenerate symmetric bilinear
pairing such that
Σ ∼= S ⊗W.
• Suppose dim(V ) ≡ 2 (mod 8). There is a pair of vector spaces W+ and W− equipped with nondegenerate
symmetric bilinear pairings such that
Σ ∼= S+ ⊗W+ ⊕ S− ⊗W−.
• Suppose dim(V ) ≡ 5, 7 (mod 8). There is a symplectic vector space W such that
Σ ∼= S ⊗W.
• Suppose dim(V ) ≡ 6 (mod 8). There is a pair of symplectic vector spaces W+ and W− such that
Σ ∼= S+ ⊗W+ ⊕ S− ⊗W−.
Using Proposition 3.2 we can define spinorial representations using a single number or a pair of numbers as follows:
• If dim(V ) ≡ 0, 1, 3, 4 (mod 8), we let N = dim(W ).
• If dim(V ) ≡ 2 (mod 8), we let N± = dim(W±).
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• If dim(V ) ≡ 5, 7 (mod 8), we let 2N = dim(W ).
• If dim(V ) ≡ 6 (mod 8), we let 2N± = dim(W±).
We are now ready to define supertranslation Lie algebras associated to spinorial representations Σ equipped with a
nondegenerate pairing Γ: Sym2(Σ)→ V .
Definition 3.3. The supertranslation Lie algebra associated to Σ and Γ is the so(V )-equivariant super Lie algebra
T = V ⊕ΠΣ with the only nontrivial bracket given by the pairing Γ: Sym2(Σ)→ V .
We can also define super Poincare´ algebra as follows. Fix a nondegenerate symmetric bilinear pairing on VR. Recall
that the Poincare´ group is ISO(VR) = Spin(VR)n VR, so that its complexified Lie algebra, the Poincare´ algebra, is
iso(V ) = so(V )n V .
Definition 3.4. The super Poincare´ algebra associated to Σ and Γ is the super Lie algebra so(V )n T where T is
the supertranslation Lie algebra.
Note that the super Poincare´ algebra carries a large outer automorphism group corresponding to automorphisms
of the auxiliary space W . Many field theories of interest carry an action of a subgroup of this outer automorphism
group. So, we will define a supersymmetry algebra to incorporate those symmetries as well.
Fix the following data:
1. A spinorial representation Σ of so(V ).
2. An so(V )-equivariant nondegenerate pairing Γ: Sym2(Σ)→ V .
3. A complex Lie group GR, the group of R-symmetries, which is a subgroup of the group of outer automorphisms
of the super Poincare´ algebra that act trivially on the even part.
Definition 3.5. The supersymmetry algebra associated to a choice of Σ,Γ and GR is the super Lie algebra
A = (iso(V )⊕ gR)nΠΣ.
With this discussion in hand, we can define what it means for a prefactorization algebra to be supersymmetric.
From now on all prefactorization algebras are Z/2-graded in addition to the original cohomological grading. In the
symmetric monoidal structure on Z/2-graded complexes that we consider, there is a Koszul sign coming from both
gradings.
Definition 3.6. We say a prefactorization algebra Obs on Rn is A-supersymmetric for the supersymmetry algebra
A if it admits a smooth ISO(p, q) ×GR-action, where ISO(p, q) acts on Rn by isometries and GR acts trivially, so
that the action of iso(n)⊕ gR extends to an action ν : A→ Der(Obs) of A.
3.2 Topological Twists of Supersymmetric Theories
We now proceed to give a definition of the topological twist of an A-supersymmetric factorization algebra Obs on
Rn with respect to an odd element Q ∈ A. We refer to [Cos13a, Section 15] and [EY15] for more details on these
ideas.
Definition 3.7. A square-zero supercharge is an odd element Q ∈ A satisfying [Q,Q] = 0. We say Q is topological
if the map [Q,−] : Σ→ Rn is surjective. We say Q is holomorphic if n is even and the image of the map [Q,−] has
dimension n/2.
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Note that all supercharges are at least holomorphic, i.e. the image of [Q,−] has dimension at least n/2 (see
Proposition 3.25).
Definition 3.8. A twisting datum is a pair (α,Q) where Q is a square-zero supercharge and α : U(1) → GR is a
homomorphism so that Q has α-weight 1.
Given a twisting datum, we can construct the twisted theory in the following way.
Definition 3.9. A graded mixed complex is a cochain complex M equipped with an additional (Z× Z/2)-grading
and a square-zero endomorphism Q of (Z× Z/2)-degree (1, 1) and cohomological degree 0.
Given a graded mixed complex M , we construct a Z/2-graded complex MQ as
MQ = colim
m→∞
∏
n≥−m
(ΠnM(n)[−n])
with the differential dQ = d +Q, where d is the original differential on M and M(n) is the weight n (i.e. degree n
with respect to the auxiliary Z-grading) part of M . The shifts have been arranged so that dQ has cohomological
degree 1 and even Z/2-grading. This defines a lax symmetric monoidal functor from graded mixed complexes to
Z/2-complexes. This functor is analogous to the Tate realization functor introduced in [Cal+17, Section 1.5].
Given a twisting datum (α,Q), Obs(U) becomes a graded mixed complex for any open subset U ⊆ Rn where the
extra grading is given by α and the mixed structure by ν(Q). Thus, we may construct the twisted complex Obs(U)Q.
Since the functor (−)Q is lax symmetric monoidal, it will send prefactorization algebras to prefactorization algebras
and will preserve P0- or BD0-structures. We call ObsQ the twisted prefactorization algebra.
Remark 3.10. Suppose we did not choose the homomorphism α, so that Obs did not have an extra grading. Then
we may still construct ObsQ, but the cohomological Z×Z/2-grading will collapse to a cohomological Z/2-grading.
Remark 3.11 (Twisting the BV–BRST Complex). If the factorization algebra Obs is constructed as the Chevalley-
Eilenberg complex of a classical field theory L as in Definition 2.5 then we could instead define the twisted factor-
ization algebra by twisting the sheaf L of L∞-algebras with respect to the twisting datum (α,Q), and then taking
the Chevalley-Eilenberg complex of the result. This is the point of view taken in [Cos13a] and [EY15].
Proposition 3.12. Suppose a prefactorization algebra Obs on Rn is A-supersymmetric Let (α,Q) be a twisting
datum where Q is topological and fix an abelian section a ⊆ A, i.e. an odd abelian subalgebra such that [Q,−] : a→
V is an isomorphism. Then ObsQ is de Rham translation-invariant. In particular, if ObsQ(Br(0))→ ObsQ(BR(0))
is a quasi-isomorphism for R ≥ r then the collection {ObsQ(Br(0))} forms an En-algebra.
Proof. Recall from Definition 2.18 that in order to extend the V -action on ObsQ to a VdR-action we need to specify
a linear map η : V → Der(Obs)[−1] so that [η(v), η(w)] = 0, [ν(v), η(w)] = 0 for all v, w ∈ V and dQη(v) = ∂∂v .
We construct η using the action of a ⊆ A. Since Q has α-weight 1 and V has α-weight 0, the subalgebra a has
α-weight −1, therefore the action ν : a→ Der(Obs) becomes a map a→ Der(ObsQ)[−1] of the desired degree. We
define η : V → Der(ObsQ)[−1] by composing this map with the inverse to the isomorphism [Q,−] : a → V . The
fact that ν was a Lie map implies that [η(v), η(w)] = 0 and [ν(v), η(w)] = 0 for all v, w ∈ V . Moreover, we have
dQη(v) = dη(v) + [ν(Q), η(v)]
= 0 + ν(v) =
∂
∂v
since η(v) is a cocycle in Der(Obs). The final sentence of the statement is a direct application of Corollary 2.30.
We can make an analogous statement in the case where Q is a holomorphic supercharge, where instead of a de Rham
translation invariant factorization algebra the twist becomes holomorphic translation invariant as in Example 2.20.
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Proposition 3.13. Suppose a prefactorization algebra Obs on R2n is A-supersymmetric. Let (α,Q) be a twisting
datum where Q isholomorphic, and let Vhol ⊆ V be the n-dimensional image of the map [Q,−]. Fix a ⊆ A, an odd
abelian subalgebra such that [Q,−] : a→ Vhol is an isomorphism. Then ObsQ is holomorphic translation-invariant.
The proof is identical to that of Proposition 3.12.
Let us now show that we can find the abelian section a ⊆ A in the examples of interest to us.
Proposition 3.14. Let Q ∈ A be a square-zero supercharge and let SQ ⊆ Cn be the image of the bracket
[Q,−] : Σ→ Cn. If either
1. n ≡ 5, 6, 7 (mod 8),
2. n ≡ 0, 4 (mod 8) and Q lies in S+ ⊗W ⊆ Σ or S− ⊗W ∗ ⊆ Σ,
3. n ≡ 1, 3 (mod 8) and N ≥ 2, or
4. n ≡ 2 (mod 8) and N+ or N− ≥ 2,
then there is a section σ : SQ → Σ of [Q,−] : Σ→ SQ with an abelian image.
Proof. Let Σ be a spinorial representation of so(n), and let Γn : Sym
2(Σ) → Cn be a nondegenerate so(n)-
equivariant pairing. If we consider the subalgebra so(n−1) ⊆ so(n), we obtain a nondegenerate so(n−1)-equivariant
pairing
Γn−1 : Sym2(Σ)
Γn−−→ Cn → Cn−1.
In fact, every such so(n− 1)-equivariant Cn−1-valued pairing on Σ arises in this way. As such, if we choose Q in Σ
and an abelian section σ : SQ → Σ, in dimension n, we obtain an abelian section in dimension n − 1. In general,
Γn(Q,Q) 6= 0, so we will prove the statement for all supercharges which will not necessarily square to zero. We can
now build abelian subalgebras on a case-by-case basis.
• Suppose n ≡ 0, 4 (mod 8), so Σ ∼= S+ ⊗W ⊕ S− ⊗W ∗. Suppose Q ∈ S+ ⊗W . Then any section σ : SQ →
S− ⊗W ∗ has abelian image.
• Suppose n ≡ 7 (mod 8). Given a spinorial representation Σ of so(n), we can write it as a restriction of
the spinorial representation S+ ⊗ W ⊕ S− ⊗ W ∗ of so(n + 1) where both S+ and S− restrict to the spin
representation of so(n). We may always arrange Q ∈ Σ to lie in S+ ⊗W , so by the previous point we get an
abelian section.
The same analysis applies to the case n ≡ 3 (mod 8) with N ≥ 2.
• Suppose n ≡ 2, 6 (mod 8). In this case Σ = S+⊗W+⊕S−⊗W−. Suppose dim(W+) ≥ dim(W−) and consider
the so(n)-equivariant pairing Γn on S+⊗W+⊕S−⊗W+. It arises by restriction from an so(n+1)-equivariant
pairing Γn+1 on (S+ ⊕ S−) ⊗W+, where S+ ⊕ S− is the spin representation of so(n + 1). We can choose a
surjective map W+ → W− compatible with the pairings and lift Q to an element Q˜ ∈ (S+ ⊕ S−) ⊗W+. If
n ≡ 6 (mod 8) or n ≡ 2 (mod 8) and N+ ≥ 2, then by the previous results we may find an abelian section
SQ˜ → (S+ ⊕ S−)⊗W+. Post-composing it with the projection W+ → W−, we obtain an abelian section for
Q.
• Suppose n ≡ 1, 5 (mod 8). In this case Σ = S⊗W which arises as a restriction of the spinorial representation
S+ ⊗W with its pairing in dimension n+ 1. Thus, if n ≡ 1 (mod 8) and N ≥ 2 or n ≡ 5 (mod 8), we obtain
an abelian section.
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Remark 3.15. This argument includes all the square-zero supercharges in dimensions less than 8 with the exception
of supercharges in dimension 4 which contain components in both S+ and S−. In the latter case it is easy to construct
an abelian section by hand. All the topological supercharges we will discuss in Section 4 are included in this result.
The only square-zero supercharges that are not included are non-topological supercharges in dimensions 8, 9 and
10. We expect that the hypotheses in our statement can be weakened; we are not aware of any counter-examples
to the existence of an abelian section to [Q,−] in any dimension.
3.3 Twisting Homomorphisms
Supersymmetric theories in particular include an action of the spin group Spin(VR). However, this spin action does
not survive the twisting procedure. An action of a Lie group G on the observables of a supersymmetric field theory
is only well-defined after twisting by Q only if it preserves Q, i.e. we have [ν(Q), ν(X)] = 0 for every X ∈ g. We
can see the following.
Proposition 3.16. If Obs is an A-supersymmetric factorization algebra on Rn and Q is a square-zero supercharge,
the twisted factorization algebra ObsQ admits a smooth action of Stab(Q) ⊆ Spin(VR)×GR.
Since the representation Σ does not contain a trivial subrepresentation, a non-zero Q is never preserved under
Spin(VR). Nevertheless, one can define a Spin(VR)-action on Obs
Q by means of a twisting homomorphism. Consider
a Lie group G equipped with a homomorphism G → Spin(VR). In particular, G acts on supersymmetric field
theories on Rn.
Definition 3.17. Let Obs be an A-supersymmetric factorization algebra on Rn. A twisting homomorphism is a
homomorphism φ : G→ GR. A square-zero supercharge Q is compatible with the twisting homomorphism φ if the
action of the subgroup (id, φ) : G→ G×GR on Q is trivial.
If a supercharge Q is compatible with a twisting homomorphism, then φ defines a smooth G-action on the twisted
factorization algebra ObsQ.
To put this in context, in the physics literature a topological twist is often defined to be a pair consisting of a twisting
homomorphism φ and a compatible topological supercharge Q (as in Witten’s original construction [Wit88]). In
fact, this is sometimes taken as the definition of a topological supercharge. This is justified by the following result.
Theorem 3.18. Let Q be a square-zero supercharge in a supersymmetry algebra in dimension n ≥ 3 which is
compatible with a twisting homomorphism φ : Spin(VR)→ GR. Then Q is a topological supercharge.
Proof. By construction Σ carries an action of so(n) ⊕ gR. In particular, we may consider a modified so(n)-action
on Σ via the twisting homomorphism (id, φ) : so(n)→ so(n)⊕ gR. We denote this subalgebra by so(n)′.
By assumption CQ ⊆ Σ is a trivial so(n)′-subrepresentation. Therefore, (CQ)⊗Σ ⊆ Σ⊗Σ is also a subrepresentation.
The map Γ: Σ⊗Σ→ Cn is so(n)′-equivariant since GR acts by automorphisms of the Lie structure. Therefore, the
image of [Q,−] : Σ→ Cn is an so(n)-subrepresentation. By nondegeneracy of the pairing Γ, the image of [Q,−] is
nonzero. But for n > 2 the representation Cn of so(n) is irreducible, so [Q,−] must be surjective.
Remark 3.19. The theorem is false in dimension 2. For instance, choose the spinorial representation Σ = S⊕2+
and the R-symmetry group GR = SO(2). If one takes the twisting homomorphism φ : Spin(2) → SO(2) to be the
standard cover, then there is a compatible supercharge. However in this supersymmetry algebra no supercharges
are topological. We will discuss this supersymmetry algebra more completely in Section 4.
The formalism of twisting homomorphisms allows us to apply Corollary 2.39 in the context of topologically twisted
theories.
Theorem 3.20. Let Obs be an A-supersymmetric factorization algebra on Rn, Q a square-zero supercharge com-
patible with a twisting homomorphism φ : SO(n)→ GR. Suppose that the following two conditions hold.
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• The factorization map ObsQ(Br(0))→ ObsQ(BR(0)) is a quasi-isomorphism.
• The φ-twisted SO(n)-action on ObsQ extends to a de Rham SO(n)-action.
Then the collection {ObsQ(Br(0))} forms a framed En-algebra.
Proof. This is a direct application of Corollary 2.39. By Theorem 3.18 Q is a topological supercharge. Then by
Proposition 3.12 and Proposition 3.14 the Q-twisted factorization algebra is de Rham translation invariant. The
hypotheses in the statement of the theorem ensure that we can apply Corollary 2.39.
3.4 Pure Spinors
The subspace of square-zero supercharges in any dimension is closely related to the space of pure spinors introduced
by Cartan and Chevalley. We will make reference to this theory when we discuss N = 1 or N = (1, 0) square-zero
supercharges in high dimensions. We refer to [Che95, Chapter III], [BT89] and [Mei13] for a reference on pure
spinors.
Let S be an irreducible representation of the Clifford algebra Cl(V ). Here S coincides with the Dirac spinor
representation of so(V ): that is, in odd dimensions S is the spin representation of so(V ) and in even dimensions
S ∼= S+ ⊕ S− is the sum of the semi-spin representations of so(V ).
Let L ⊆ V be a maximal isotropic subspace and let SO(V )L ⊆ SO(V ) be the subgroup preserving L ⊆ V . We can
identify SO(V )L ∼= GL(L)nGL where GL has the following description:
• If n is even, GL = ∧2L.
• If n is odd, GL is a central extension 0 → ∧2L → GL → L → 0. Explicitly, GL is the group of pairs
(v, ω) ∈ (L⊕ ∧2L) with the multiplication rule
(v1, ω1)(v2, ω2) = (v1 + v2, ω1 + ω2 + v1 ∧ v2).
The preimage Spin(V )L ⊆ Spin(V ) of SO(V )L ⊆ SO(V ) under Spin(V ) → SO(V ) is identified with ML(L) n GL,
where ML(L) is the metalinear group. Then we can identify the restriction of the spinor representation to the
subgroup Spin(V )L as
S ∼= ∧•L⊗ det(L)−1/2 (1)
where v ∈ L acts by multiplication by 1 + v and ω ∈ ∧2L acts by multiplication by eω.
Pick a nondegenerate pairing 〈−,−〉 : S ⊗ S → C such that 〈ρ(v)Q1, ρ(v)Q2〉 = 〈Q1, Q2〉 for v a unit vector, which
is unique up to rescaling. Here we write ρ(v) to denote the Clifford multiplication by the vector v ∈ V . Then we
define a nondegenerate pairing Γ: S ⊗ S → V by
(v,Γ(Q1, Q2)) = 〈ρ(v)Q1, Q2〉
for v ∈ V and Q1, Q2 ∈ S, where (−,−) denotes the inner product on V . These pairings coincide with the symmetric
and anti-symmetric pairings we described at the beginning of Section 3.1.
Definition 3.21. For a spinor Q ∈ S, its nullspace TQ ⊆ V is the space of vectors v ∈ V such that ρ(v)Q = 0.
It is easy to see that for any nonzero spinor Q ∈ S, the nullspace TQ ⊆ V is isotropic. This motivates the following
definition.
Definition 3.22. The spinor is called pure if TQ is a maximal isotropic subspace, i.e. dimTQ = bn2 c.
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From the description (1) of the spinor module S as a Spin(V )L-representation we get the following statement (see
also [Igu70, Lemma 1]).
Proposition 3.23. Let L ⊆ V be a maximal isotropic subspace.
1. The subspace {Q ∈ S : ρ(L)Q = 0} ⊆ S is one-dimensional and isomorphic to det(L)1/2 as a Spin(V )L-
representation.
2. Suppose Q ∈ S is a pure spinor such that ρ(L)Q = 0. Then its stabilizer in Spin(V ) is isomorphic to
(SL(L)× Z/2Z)nGL.
Now, let us investigate the image of the Γ pairing with a pure spinor, i.e. the subspace
SQ = Im(Γ(Q,−)) ⊆ V.
Proposition 3.24. Let Q be a spinor. Then SQ = T
⊥
Q . In particular, if Q is a pure spinor,
• If n is even, then SQ = TQ.
• If n is odd, then TQ ⊆ SQ = T⊥Q is a codimension 1 subspace.
Proof. Let v ∈ S⊥Q , i.e. (v, w) = 0 for all w ∈ SQ. That is for every Q′ ∈ S we have
0 = (v,Γ(Q,Q′)) = 〈ρ(v)Q,Q′〉.
Since this is true for every Q′, we get that ρ(v)Q = 0, i.e. S⊥Q = TQ. Taking the orthogonal complement again, we
get SQ = T
⊥
Q .
If Q is a pure spinor, TQ is maximal isotropic, so in even dimensions SQ = TQ and in odd dimensions TQ ⊆ SQ has
codimension 1.
Let us return to prove the statement we claimed in Section 3: that all supercharges are at least holomorphic.
Proposition 3.25. Let Q ∈ Σ be an element of an arbitrary spinorial representation in dimension n equipped with
a non-degenerate pairing. Then the image space SQ has dimension at least n/2.
Proof. First, if Q ∈ S, then by Proposition 3.24 SQ has dimension ≥ n/2, since TQ has dimension ≤ n/2. If
Σ = S ⊗W , then if we choose a basis {w1, . . . , wk} for W , we can write Q = Q1 ⊗ w1 + · · · + Qk ⊗ wk, and then
SQ = span(SQ1 , . . . , SQk) which then also has dimension ≥ n/2.
More generally, suppose Σ = S+ ⊗W+ ⊕ S− ⊕W− where there is a strict inclusion W− ( W+. Then S+ and S−
are paired with themselves. For an element Q1 ⊗ w1 ∈ S+ ⊗W+ we can identify the image of Γ(Q1 ⊗ w1,−) in
the spaces S+ ⊗W+ ⊕ S− ⊕W− and in (S+ ⊕ S−) ⊗W+. So we still have that SQ1 ⊆ SQ, so SQ has dimension
≥ n/2.
Now, what is the relationship between pure spinors and those satisfying Γ(Q,Q) = 0 (i.e. that square to zero in
the supersymmetry algebra)? To answer this question, we will use an interesting decomposition. Every spinor Q
induces a matrix element
Q⊗Q ∈ S ⊗ S ∼= S ⊗ S∗ ∼= End(S)
using the invariant pairing on S. Since S is irreducible, we can identify endomorphisms with elements of the Clifford
algebra, and thus decompose the spinor bilinear as
Q⊗Q =
n∑
p=0
Fp ∈ End(S) ∼= Cl(V ) ∼= ∧•(V ),
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where Fp ∈ ∧pV . We can explicitly identify these elements Fp as, in index notation, the Clifford algebra element
Qiγ
a1···ap
ij Qj . There is a nice characterisation of pure spinors in this language.
Theorem 3.26 (Chevalley). A non-zero spinor Q is pure if and only if it is Weyl (in even dimensions), and Fp = 0
for all p < bn/2c.
For instance, if n ≥ 4 and Q is a pure spinor, we have F1 = Γ(Q,Q) = 0. In other words, any pure spinor in these
dimensions is square-zero.
We have the following observation (see [BT89]).
Lemma 3.27. If Q is a Weyl spinor in dimension n = 2m, the tensor Fp is zero unless p ≡ m (mod 4).
Finally, we can characterize pure spinors in odd dimensions in terms of those in even dimensions. Indeed, suppose
n is odd and S is the spinor module. If we denote by S+ the semi-spin representation of Spin(V ⊕C), then we can
identify S ∼= S+ as Spin(V )-representations.
Proposition 3.28 ([Che95, Chapter III.8]). A spinor Q ∈ S in an odd dimension n is pure if and only if it is pure
as a Weyl spinor Q ∈ S+ in dimension n+ 1.
Now, let us use these facts to investigate pure spinors in various dimensions.
• If n = 2, 4, 6 every non-zero Weyl spinor is pure.
• If n = 1, 3, 5 every non-zero spinor is pure.
• If n = 8 we have a single constraint for a Weyl spinor to be pure, that F0 = 0. That is, the spinor satisfies
〈Q,Q〉 = 0. All Weyl spinors satisfy Γ(Q,Q) = 0 however, so in this dimension squaring to zero is strictly
weaker than being pure. As we will see in Section 4.8 all impure square-zero spinors in dimension 8 are in
fact topological.
• If n = 7 we can use Proposition 3.28 to conclude that a spinor Q is pure if and only if 〈Q,Q〉8 = 0, where
〈−,−〉8 is the scalar-valued spinor pairing in 8 dimensions.
• If n = 10 the constraint for a Weyl spinor to be pure is that F1 = 0. That is, a Weyl spinor Q in dimension
10 is pure if and only if Γ(Q,Q) = 0.
• If n = 9 we can again use Proposition 3.28 to conclude that a spinor Q is pure if and only if Γ10(Q,Q) = 0.
To summarise, there are non-trivial pure spinor constraints only in dimensions at least 7. In the classification of
twists we will refer to purity only in those large dimensions where it is a non-trivial condition.
3.5 The Stress-Energy Tensor
Often topologically twisted theories carry a natural action of all vector fields extending the action of the Poincare´
algebra. In this section we explain how this action can be constructed. The results in this section will not be used
in the rest of the paper, but instead help to motivate the concept of the topological twist by means of the following
structure: topologically twisted field theories are often automatically generally covariant, meaning they carry an
action of the group of diffeomorphisms of spacetime.
Definition 3.29. Let g0 be the standard metric on Rn of signature (p, q) with constant coefficients. The local Lie
algebra of Killing vector fields is the sheaf of dg Lie algebras given by
LKill =
(
TRn → Sym2 TRn
)
placed in degrees 0 and 1, where the differential sends a vector field X to the Lie derivative LX(g0), and where the
Lie bracket is likewise given by the Lie derivative.
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Note that the Poincare´ algebra iso(n) acts by Killing vector fields on Rn, so we have a natural morphism iso(n)→
LKill(U) for each open set U ⊆ Rn.
Definition 3.30. A prefactorization algebra on Rn is isometry-invariant if carries a smooth ISO(p, q)-action and the
infinitesimal Poincare´ algebra action extends to an inner action ν : LKill → Obs(Rn)[−1] of LKill. The gravitational
stress-energy tensor Tgrav of an isometry-invariant factorization algebra Obs is the composite
Tgrav : Sym
2 TRn −→ LKill[1] −→ Obs(Rn).
Remark 3.31. The gravitational stress-energy tensor of a field theory models infinitesimal deformations of the
background metric g0. Note that this is not the same as the “canonical” stress-energy tensor modelling the conserved
currents of the global translation action. These two tensors are related by a correction term involving the conserved
currents for rotations: this is known as the Belinfante-Rosenfeld formula (see for instance [FGR00] for a rigorous
account of this relationship).
Remark 3.32. Given a quantum field theory arising from a classical Lagrangian description where the fields are
tensors, i.e. sections of T⊗aRn ⊗ (T ∗Rn)⊗b, we have a natural action of the Lie algebra of vector fields on Rn on the
space of fields. This gives a isometry invariant structure on the factorization algebra of observables Obs where the
gravitational stress-energy tensor is
Tgrav(δg) =
∫
δS
δ(gµν(x))
∣∣∣∣
g=g0
δgµν(x),
the variation of the action with respect to the metric.
Typical supersymmetric field theories involve fields which are sections of spinor bundles, so they are not locally
isometry invariant in this sense. However, consider a twisting homomorphism φ : SO(p, q)→ GR so that under the
induced SO(p, q)-action the fields have integer spins (i.e. are tensors). Then we obtain that the prefactorization
algebra of observables Obs is locally isometry invariant with respect to the twisted SO(p, q) action. If we moreover
assume that the supercharge Q is compatible with the twisting homomorphism φ, the twisted prefactorization
algebra ObsQ is also locally isometry invariant.
Let us fix a supersymmetric factorization algebra Obs on Rn with a twisting homomorphism φ : SO(p, q) → GR
and a compatible supercharge Q. Moreover, suppose that the twisted factorization algebra ObsQ is locally isometry
invariant.
Lemma 3.33. Suppose Obs is equipped with a map
Λ: Γ(Rn,Sym2 TRn)→ Obs(Rn)[−1]
satisfying the following equations:
1. dQΛ(δg) = Tgrav(δg).
2. Λ(L[v,w]g0) = [ν(v),Λ(Lw(g0))] + [Λ(Lv(g0)), ν(w)]− [Λ(Lvg0),Λ(Lwg0)].
Then the Poincare´ action on ObsQ extends to an infinitesimal action of the tangent sheaf TRn as a sheaf of Lie
algebras.
Proof. Define a map
νQ : Γ(Rn, TRn)→ ObsQ(Rn)[−1]
by
νQ(v) = ν(v)− Λ(Lv(g0)).
The fact that it is a morphism of dg Lie algebras follows from the equations on Λ.
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Remark 3.34. The Lie algebra of vector fields on Rn is a Lie algebra of the group Diff(Rn) of diffeomorphisms, so we
have shown that topologically twisted theories with null-homotopic stress-energy tensor are generally covariant (at
least infinitesimally – the infinitesimal TRn -action need not necessarily exponentiate). Witten discusses topological
twisting from this perspective in his original paper on topological quantum field theories [Wit88, Section 6].
Remark 3.35. In physical examples where one has a Lagrangian description for a classical field theory with
an explicit metric dependence one can check that the action functional consists of a Q-exact term plus a metric
independent term. This implies that the variation of the action with respect to the metric, the gravitational
stress-energy tensor, is Q-exact.
3.6 Dilation Actions
When can we apply the result of Section 2.4 to topologically twisted field theories? Since topological twists are
automatically de Rham translation-invariant, according to Corollary 2.30 the factorization algebra ObsQ of twisted
observables admits a canonical En-algebra structure whenever the factorization map factr,R : ObsQ(Br(0)) →
ObsQ(BR(0)) associated to concentric balls is a quasi-isomorphism. When we have a direct description of the local
twisted observables, we can check this condition by hand. Alternatively, we can abstractly describe quasi-inverses
to the factorization maps on concentric balls by means of a dilation action.
Definition 3.36. A prefactorization algebra Obs on Rn is dilation-invariant if it admits a smooth action of the
group R>0 acting on Rn by dilations.
Such a smooth dilation action defines a rescaling map αR,r : Obs(BR(0)) → Obs(Br(0)) for any pair of radii r,R.
This rescaling map makes a de Rham translation-invariant factorization algebra into an En-algebra as long as the
dilation action is itself homotopically trivial.
Definition 3.37. A dilation-invariant prefactorization algebra Obs on Rn is de Rham dilation-invariant if the
smooth R>0-action extends to an action of (R>0)dR.
Proposition 3.38. Let Obs be a de Rham dilation-invariant prefactorization algebra on Rn. The rescaling map
αR,r provides a quasi-inverse to the factorization map factr,R.
Proof. Fix r > 0 and consider the family of endomorphisms ms = factsr,r ◦αr,sr of the local observables Obs(Br(0))
parameterised by rescalings 0 < s ≤ 1. By the definition of a smooth action, ms is a smooth family of endomorphisms
of Obs(Br(0)) which is the identity at s = 1. Thus, to show that it is homotopic to the identity, it will be enough
to show that ddsms is null-homotopic for any s.
If we denote by
 = dη + ηd
the derivation generating the dilation action, then we have
d
ds
ms(O) = ms((O))
= dms(η(O)) +ms(η(dO)).
Thus, ms ◦ η provides a nullhomotopy for ddsms.
Remark 3.39. Suppose Obs is a prefactorization algebra on Rn valued in BD0-algebras. Then the factorization
maps factr,R are quasi-isomorphisms if and only if they are quasi-isomorphisms at ~ = 0. This can be proved by
a spectral sequence argument similar to [CG18, Proposition 9.6.1.1]. There are de Rham dilation-invariant field
theories on the classical level where the dilation action is anomalous on the quantum level; this argument tells us
that factr,R is nevertheless still a quasi-isomorphism on the quantum level.
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Combining Proposition 3.38 and Corollary 2.30 we get the following.
Corollary 3.40. Let Obs be a de Rham dilation-invariant prefactorization algebra on Rn. Then Obs(B1(0)) can
be canonically equipped with the structure of a Diskn-algebra.
3.7 Superconformal Theories
We can build twisted theories which are de Rham dilation invariant as well as de Rham translation-invariant starting
from not just a supersymmetry action, but a superconformal action. We refer to Kac’s survey article [Kac02] for a
comprehensive account of the theory of Lie superalgebras and superconformal algebras.
Definition 3.41. Fix an inner product on Rn of signature (p, q). The conformal group CO(p, q) of signature (p, q)
is the group of oriented conformal transformations of Rn.
Remark 3.42. We always have an inclusion SO(p + 1, q + 1) ⊆ CO(p, q). If (p, q) = (1, 1), (1, 0) or (0, 1), the
conformal group is infinite-dimensional. In the other cases this inclusion is an isomorphism.
Let us denote by co(p, q) the complexified Lie algebra of CO(p, q).
Definition 3.43. A superconformal algebra is a simple super Lie algebra whose bosonic part has form co(p, q)⊕gR
for some Lie algebra gR, and where the action of co(p, q) (if n ≤ 2, the action of its subalgebra isomorphic to
so(p+ 1, q + 1)) on the fermionic part defines a spinorial representation.
The possible superconformal algebras in dimensions ≥ 3 were classified by Nahm [Nah78] and Shnider [Shn88], who
showed that they only exist in dimensions up to 6 1.
Definition 3.44. A factorization algebra on Rn is superconformal if it admits a smooth action of CO(p, q)×GR,
so that the action of co(p, q)⊕ gR extends to an action of a superconformal algebra A.
We can explicitly describe the possible superconformal algebras starting from dimension 6 and working down using
Kac’s classification of finite-dimensional semisimple super Lie algebras [Kac77]. That is, identifying those super
Lie algebras where the bosonic part is equivalent to so(n + 2) ⊕ gR and where the action on the fermionic part is
spinorial.
Let A be a superconformal algebra in dimension n. Then its even part is
Aeven = so(n)⊕ V ⊕ V ⊕ C ·D ⊕ gR,
where the two copies of V correspond to translations and special conformal transformations respectively and where
D is the generator of dilations. Its odd part is
Aodd = Σ⊕ Σ∗
where Σ is a spinorial representation of so(n). The superconformal algebra A contains a subalgebra spanned by Σ
and translations; it also contains an isomorphic subalgebra spanned by Σ∗ and special conformal transformations.
We also have a bracket
Σ⊗ Σ∗ −→ so(n)⊕ C ·D ⊕ gR
whose D component corresponds to the natural pairing. This bracket has the property that if Σ = S ⊗W the
projection Σ⊗ Σ∗ → so(n)⊕ C ·D factors through the natural evaluation pairing on W :
Σ⊗ Σ∗ → S ⊗ S∗ → so(n)⊕ C ·D.
1Shnider’s definition of a superconformal algebra is slightly different to the one presented here: he only assumes that the bosonic
part contains co(p, q), but he then requires the existence of an infinitesimal action on super Minkowski space. However [Shn88, Lemma
2] ensures that the two definitions coincide.
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Likewise if Σ = S+ ⊗W+ ⊕ S− ⊗W− it factors through
Σ⊗ Σ∗ → S+ ⊗ S∗+ ⊕ S− ⊗ S∗− → so(n)⊕ C ·D.
We refer to [Min98] for explicit formulas for brackets.
• In dimension 6 there are superconformal algebras with N = (k, 0) supersymmetry for all k isomorphic to
osp(8|k).
• In dimension 5 there is a unique superconformal algebra: the exceptional super Lie algebra f(4) with bosonic
part so(7)⊕ sl(2). This superconformal algebra contains an N = 1 supersymmetry algebra.
• In dimension 4 there is a superconformal algebra for all N given by sl(4|N) unless N = 4 in which case we
should quotient by the center to get psl(4|4).
• In dimension 3 there is again a superconformal algebra for all N isomorphic to osp(N|4).
• In dimension 2 the superconformal algebras are infinite-dimensional. For a classification of the possible
superconformal algebras see Fattori-Kac [FK02]. The most notable 2-dimensional superconformal algebras
are the supersymmetric extensions of the Virasoro algebra such as the Ramond, Neveu–Schwarz and N = 2
superconformal algebras.
• In dimension 1 there are many possible superconformal algebras, where we restrict attention to supersymmetric
extensions of the small conformal algebra so(3) ∼= sl(2). We refer to [Oka15, Section 3.1.3] for more details.
Since superconformal factorization algebras are in particular supersymmetric it makes sense to form their twist by
a square-zero supercharge Q. These twisted theories admit a smooth action of the subgroup of the conformal group
stabilizing Q just like we discussed in Section 3.3. As such, we can make a Q-twisted factorization algebra ObsQ
dilation invariant whenever we have a twisting homomorphism for the dilation action of the form
ψ : R>0 → GR
compatible with Q. Note that since R>0 is contractible, it is enough to specify the twisting homomorphism on the
level of Lie algebras. In fact, this is always possible.
Lemma 3.45. If Q is a square-zero supercharge in a superconformal algebra A as follows:
• The N = (2, 2) superconformal algebra in dimension 2 with Q a topological supercharge.
• The N = k superconformal algebra in dimension 3 with Q of rank 2.
• The N = k superconformal algebra in dimension 4 with Q of rank at least 2.
• The N = 1 superconformal algebra in dimension 5 with Q of rank 2.
• The N = (k, 0) superconformal algebra in dimension 6 with Q of rank 4.
Then there exists a twisting homomorphism ψ for the dilation group so that Q is invariant for the twisted dilation
action. Furthermore, this twisted dilation action is de Rham.
Proof. We can characterize the data of a dilation twisting homomorphism as an element J of the R-symmetry
algebra gR so that [J,Q] = [D,Q] in the superconformal algebra, where D is the infinitesimal dilation. This twisted
dilation action actually makes the twisted theory de Rham dilation invariant if J − D is actually Q-exact, i.e. if
there exists an odd element Z of the superconformal algebra so that [Z,Q] = J − D. That is, it suffices to find
Z so that the so(n) component of [Z,Q] vanishes but the D component of [Z,Q] does not vanish. We can check
that such elements Z and therefore J exist by considering the classification of superconformal algebras. That is,
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we’ll consider Q ⊗ Z as an element of Σ ⊗ Σ∗, and choose Z so that Q ⊗ Z vanishes when we project onto the
irreducible summands of the so(n)-module Σ ⊗ Σ∗ isomorphic to the adjoint representation, but does not vanish
when we project those summands corresponding to the trivial representation.
Decompose Q =
∑
si ⊗ wi as a sum of pure tensors in Σ = S ⊗W or S+ ⊗W+ ⊕ S− ⊗W−. Recall that the odd
part of the superconformal algebra splits as Σ⊕Σ∗, and recall that the so(n)⊕C ·D part of the bracket between Σ
and Σ∗ factors through the evaluation pairing on W , or the separate evaluation pairings on W+ and W−. We will
construct Z ∈ Σ∗ in each dimension in turn.
• In dimension 2 the N = 2 Neveu–Schwarz algebra is spanned by the Virasoro generators {Ln}n∈Z, odd
elements {G+i , G−i }i∈ 12+Z, R-symmetry generators {Jn}n∈Z and the central element 1 with brackets of the
form
[G+i , G
−
j ] = Li+j +
1
2
(i− j)Ji+j + δi,−j
(
i2
6
− 1
24
)
c1,
where c is the central charge.
We consider the N = (2, 2) superconformal algebra which is given by the sum of two N = 2 Neveu–Schwarz
algebras with generators we denote by {G+i , G−i , Ln, Jn,1} and {G
+
i , G
−
i , Ln, Jn,1}.
In particular, for the natural N = (2, 2) topological supercharge Q = G−−1/2 +G
−
−1/2 we have
[Q,G+1/2 +G
+
1/2] = L0 + L0 +
1
2
(J0 + J0),
where L0 + L0 is the generator of dilations. In particular, there is a twisting homomorphism making Q
dilation-invariant.
• In dimension 3 S ∼= S∗ and the tensor product of representations decomposes as S⊗S∗ ∼= Sym2(S)⊕∧2(S) ∼=
so(3)⊕ C. Since the bracket between Σ and Σ∗ is so(3)-equivariant, the so(3)⊕ C ·D part of the bracket in
the superconformal algebra is uniquely determined up to rescaling. Choose f1, f2 ∈ W ∗ so that fi(wj) = δij
for j = 1, · · · , 4. Then if Z = s2 ⊗ f1 − s1 ⊗ f2 ∈ S ⊗W ∗ then, since Q had rank at least 2, the image of
Q⊗ Z in Sym2(S) vanishes, and so [Q,Z] = D + J for some J as required.
• In dimension 4 S± ∼= S∗± and the tensor product of representations decomposes as S+ ⊗ S∗+ ⊕ S− ⊗ S∗− ∼=
Sym2(S+) ⊕ Sym2(S−) ⊕ ∧2(S+) ⊕ ∧2(S−) ∼= so(4) ⊕ C ⊕ C. Therefore as in dimension 3 so(4)-equivariant
of the bracket, along with the C ·D term being symmetrical in + and −, means the so(4)⊕C ·D part of the
bracket in the superconformal algebra is uniquely determined up to rescaling. Choose f1, f2 ∈ W ∗+ ⊕W ∗− so
that fi(wj) = δij for j = 1, · · · , 4. Then if Z = s2 ⊗ f1 − s1 ⊗ f2 ∈ Σ∗ then, since Q had rank at least 2, the
image of Q⊗ Z in Sym2(S+)⊕ Sym2(S−) vanishes, and so [Q,Z] = D + J for some J .
• In dimension 5 S ∼= S∗ and the tensor product of representations decomposes as S⊗S∗ ∼= Sym2(S)⊕∧2(S) ∼=
so(5)⊕(V⊕C). Therefore as above the so(5)⊕C·D part of the bracket in the superconformal algebra is uniquely
determined up to rescaling. Here W has a symplectic structure which induces an isomorphism W ⊗W ∗, so
let Z = Q = s1⊗w1 + s2⊗w2. Then, since Q had rank at least 2, [Z,Q] = ω(w1, w2)(s1⊗ s2− s2⊗ s1), which
vanishes when projected to Sym2(S). It also vanishes when projected to V because Q squares to zero in the
supersymmetry algebra. However since s1 6= s2 it does not vanish when projected to C ·D, so [Q,Z] = λD+J
for some J and some non zero λ ∈ C.
• In dimension 6 S+⊗S∗+ decomposes into irreducible summands as so(6)⊕C, where we view S as the defining
representation of sl(4), so S+⊗S∗+ ∼= gl(4) and the projection onto C is given by the trace. Again this uniquely
determined the so(6)⊕ C ·D part of the bracket in the superconformal algebra is uniquely determined up to
rescaling. Choose Z ∈ Σ∗ of rank 4 so that the image of Q⊗Z under the evaluation pairing Σ⊗Σ→ S+⊗S∗+
is represented by the matrix λ · id4 for λ 6= 0. This vanishes under the projection to so(6) ∼= sl(4), but not
under the projection to C ·D. Therefore [Q,Z] = λD + J for some J and some non zero λ ∈ C.
30 Section 3 Supersymmetry and Topological Twists
Remark 3.46. In dimension 3 and larger this result is best possible: if Q has lower rank then there is never a
twisting homomorphism for the dilation group coming from the superconformal algebra. However as we will see
explicitly in Section 4 all topological supercharges have rank at least 2, and in dimension 6 N = (k, 0) all topological
supercharges have rank at least 4. The Lemma therefore includes all topological twists of superconformal theories.
Altogether, this analysis along with our main Theorem 2.29 tells us the following.
Theorem 3.47. Let Obs be a superconformal prefactorization algebra where A is one of the superconformal
algebras occuring in Lemma 3.45. Let Q be a topological supercharge acting on Obs. Then the complex of twisted
observables ObsQ(B1(0)) has the structure of a Diskn-algebra.
Proof. By our analysis above, since Obs is superconformal there is a twisted dilation action on Obs that descends to
make ObsQ de Rham dilation-invariant. According to Proposition 3.38 that means the factorization map associated
to concentric balls is a quasi-isomorphism.
By the classification of topological supercharges in these dimensions performed in Section 4 and Proposition 3.14, we
may find an odd abelian subalgebra a ⊆ A such that [Q,−] : a→ Cn is an isomorphism. Therefore, by Proposition
3.12 ObsQ is de Rham translation-invariant.
Combining these two statements, by Corollary 2.30 we get that ObsQ(B1(0)) has the structure of a Diskn-algebra.
This is not the only thing we will use superconformal symmetry for. In several 2, 3 and 4-dimensional examples in
Section 4 we will verify that using the action of the superconformal algebra it is possible to find potentials for the
infinitesimal so(n)-action that endow the twisted factorization algebra with an SO(n)dR-structure. Let us write out
explicitly the conditions for an (SO(n)nRn)dR-structure.
Definition 3.48. Let A be a superconformal algebra and Q ∈ A a topological supercharge compatible with the
twisting homomorphism φ : so(n)→ gR. A potential for affine transformations is a linear map ψ : so(n)⊕V → Aodd
with an abelian image which satisfies the following equations:
[Q,ψ(v)] = v, ∀v ∈ V
[Q,ψ(r)] = r + φ(r), ∀r ∈ so(n)
[ψ(r), v] = ψ([r, v]), ∀r ∈ so(n), v ∈ V
[ψ(v), r + φ(r)] = −ψ([r, v]), ∀r ∈ so(n), v ∈ V
[ψ(v), w] = 0, ∀v, w ∈ V
[ψ(r1), r2 + φ(r2)] = ψ([r1, r2]), ∀r1, r2 ∈ so(n).
Combining Proposition 3.38 and Corollary 2.39 we get the following statement.
Proposition 3.49. Suppose Obs is a superconformal prefactorization algebra where A is one of the superconformal
algebras occuring in Lemma 3.45. Let Q be a topological supercharge compatible with a twisting homomorphism
φ : so(n) → gR and choose a potential for affine transformations. Then ObsQ(B1(0)) can be equipped with a
structure of a framed En-algebra.
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4 A Catalogue of Twisted Theories in Various Dimensions
4.0 Conventions
In this section we will describe the possible twists for each supersymmetry algebra in dimensions 1 to 10, and
give references to discussions in the literature of the corresponding twisted field theories. In general we will restrict
attention to theories where the fields have spins at most one; in terms of supersymmetry algebras this means we only
consider algebras with at most 16 supercharges (this is a condition on the representation theory of super Poincare´
algebras, see e.g. the original classification of Nahm [Nah78]). In low dimensions however (below dimension five)
our analysis will include all supersymmetry algebras without needing to impose this restriction.
In each dimension we will first describe the Lorentz group and supertranslation Lie algebra. By the “Lorentz”
group we will actually mean the spin group (which we will write in Euclidean signature). We will also mention
what happens to the supertranslation algebra when we compactify it to one dimension lower.
We will then classify square-zero supercharges, giving a complete classification of orbits of square-zero supercharges
under the action of the complexified Lorentz group, R-symmetry and scaling. We also explain “how topological”
they are, i.e. the dimension of their image in the Lie algebra V of translations. Recall that if the image consists
of all translations, we say the supercharge is topological. If it is half-dimensional, we say it is holomorphic. In the
intermediate cases we say Q has n invariant directions if the dimension of the image of [Q,−] in V is n. We will
often refer to the following invariant.
Definition 4.1. Given a supercharge Q ∈ S ⊗W in odd dimensions, it defines a morphism S∗ → W . The rank
rk(Q) of Q is the dimension of the image of this map. We will denote this image by WQ. Similarly, in even
dimensions Q+ +Q− ∈ S+ ⊗W+ ⊕ S− ⊗W− which defines two maps S∗+ → W+ and S∗− → W−. The rank rk(Q)
of Q is a pair of integers given by the dimensions of the images WQ+ ,WQ− of these two maps.
We continue by describing the twisting homomorphisms from the Lorentz group to the group of R-symmetries, and
the space of topological supercharges compatible with each twisting homomorphism (i.e. twisted Lorentz-invariant).
In some cases we will only describe a twisting homomorphism from a subgroup G of the Lorentz group in which
case we get a G-structured theory. In many cases we can additionally find a U(1) subgroup in the R-symmetry
group making a correspondingly twisted theory Z-graded rather than just Z/2-graded (see Remark 3.10). Recall
that such a U(1) subgroup chosen so that Q has weight one is called a choice of twisting datum.
Remark 4.2. In some cases we can find both a twisting homomorphism φ : G → GR from a subgroup G of the
Lorentz group and a U(1) subgroup α : U(1)→ GR in the R-symmetry group making the twisted theory Z-graded.
However these two structures are not always compatible: sometimes α cannot be chosen to commute with φ. In
this case the Z/2-graded theory is G-structured but the Z-graded theory is only framed. Concretely, the twisting
homomorphism φ induces a decomposition of the auxiliary space W into irreducible G-representations, and one
must check whether there exists a U(1)-subgroup of GR that acts by a scalar on each summand.
4.1 Dimension 1
The Lorentz group is Spin(1) ∼= Z/2. The Dirac spinor representation is the sign representation S = C with trivial
pairing S ⊗ S → C.
Pick a vector space W equipped with a symmetric non-degenerate pairing. The supertranslation algebra is
C⊕Π(S ⊗W )
with dimW = N. The R-symmetry group is O(N).
A supercharge Q ∈ W ⊗ S squares to zero if the image WQ of S∗ → W – as in Definition 4.1 – is isotropic. These
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square-zero supercharges are always topological. The group of R-symmetries O(W ) acts transitively on the space
of isotropic lines WQ ⊆W , so the orbits of square-zero supercharges are classified by the rank.
This supercharge can be promoted to twisting data, i.e. we can find a copy of U(1) ⊆ O(N) acting on Q with weight
one.
Example 4.3 (Topological quantum mechanics). The theory of N = 2 supersymmetric quantum mechanics with
target space X, a Riemannian spin manifold, admits a topological twist equivalent to topological quantum mechanics
on X. This theory has a Q-exact stress-energy tensor, and has partition function computing the Aˆ-genus of X
[Wit82; AG83; GG14].
4.2 Dimension 2
The Lorentz group is Spin(2) ∼= U(1). The semi-spin representations are S+ = C and S− = C with weights 12 and− 12 respectively. The vector representation is V = C1 ⊕ C−1. We have identifications
Sym2(S+) ∼= S⊗2+ ∼= C1
and
Sym2(S−) ∼= S⊗2− ∼= C−1.
We denote the bases of S+ and S− as s+ and s− respectively.
The subrepresentations C1,C−1 ⊆ V are only real in the split signature in which case they correspond to the
light-cone coordinates ∂+ = ∂x − ∂t and ∂− = ∂x + ∂t.
Pick complex vector spaces W+,W− equipped with symmetric nondegenerate pairings. The supertranslation algebra
is
V ⊕Π(S+ ⊗W+ ⊕ S− ⊗W−),
where dimW+ = N+ and dimW− = N−. The R-symmetry group is O(N+)×O(N−).
A supercharge Q = Q+ +Q− defines two subspaces WQ+ ⊆W+ and WQ− ⊆W− as in Definition 4.1.
Lemma 4.4. A supercharge Q is square-zero if and only if the subspaces WQ± ⊂W± are totally isotropic.
Proof. Q2 = 0 if and only if Q2+ = 0 and Q
2
− = 0. Each of these conditions is equivalent to the condition that the
span of Q± in W± is isotropic.
The group GR of R-symmetries O(W+)×O(W−) acts transitively on the set of totally isotropic subspaces, so the
orbits of square-zero supercharges are classified by their rank.
The maximal supersymmetry possible for theories with fields of spin ≤ 1 is N = (8, 8).
N = (1, 0), N = (1, 1): There are no square-zero supercharges.
N = (k, 0): The supercharge Q+ = a⊗s+ squares to zero if and only if |a| = 0. Assume a 6= 0. Since the bilinear
pairing is non-degenerate, there exists a b ∈W+ such that (a, b) 6= 0. Therefore, the image of [Q,−] consists of ∂+,
i.e. this is a holomorphic supercharge.
These holomorphic supercharges can always be promoted to twisting data.
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Example 4.5. Witten discussed the holomorphic twist of the N = (2, 0) supersymmetric sigma model in [Wit92]:
this theory is defined on a general Riemann surface and is sometimes called the “half-twist” (since it admits further
twists to the A- and B-twists). Kapustin described this theory in terms of the chiral de Rham complex [Kap05],
and more recently the factorization algebra modelling this twisted theory on a general Riemann surface and with
general complex target was computed to be the sheaf of chiral differential operators on the target [GGW16].
N = (k, `): The non-zero R-symmetry orbits in the space of square-zero supercharges up to rescaling are classified
as follows.
Square-zero supercharges:
1. Rank (0, 1): we recover the case of N = (0, `) supersymmetry. These supercharges are holomorphic.
2. Rank (1, 0): we recover the case of N = (k, 0) supersymmetry. These supercharges are likewise holomorphic.
3. Rank (1, 1): the supercharge is topological.
Twisting homomorphisms: Twisting homomorphisms in dimension 2 are atypical. In general – according to Theorem
3.18 – supercharges that are compatible with a twisting homomorphism are automatically topological. In dimension
2 however this is false because the complex vector representation of SO(2) is reducible. We can nevertheless
investigate twisting homomorphisms and their compatible supercharges and check when they are topological.
1. If N = (2, 0) twisting homomorphisms φi : SO(2)→ SO(2) are indexed by winding numbers, i.e. by integers.
There is a compatible holomorphic supercharge if and only if φ is the identity φ1 or the inversion map φ−1.
2. If N = (2, 2) twisting homomorphisms φi,j : SO(2) → SO(2) × SO(2) are indexed by pairs of integers. There
is a compatible holomorphic supercharge if and only if at least one of the integers is equal to 1 or −1, and
a unique compatible topological supercharge if and only if both integers are equal to 1 or −1 (that is, in the
four cases φ1,1, φ1,−1, φ−1,1 and φ−1,−1).
3. More generally, for N = (k, `) twisting homomorphisms φ : SO(2) → SO(k) × SO(`) are the same as pairs of
coweights (λ, µ) for so(k) and so(`). There is a compatible topological supercharge if and only if λ and µ are
both dual to weights of the defining representation.
Z-gradings: All non-zero supercharges can be promoted to twisting data for a suitable choice of SO(2) inside the
R-symmetry group. This twisting data can be chosen compatibly with any twisting homomorphism from SO(2),
i.e. to respect the decomposition into SO(2)-weight spaces.
For N = (2, 2) superconformal theories we may provide potentials for affine transformations (Definition 3.48).
Proposition 4.6. Let Q be a topological supercharge in the N = (2, 2) superconformal algebra. Then there exists
a potential for affine transofrmations.
Proof. Let α, β = ±1 be choices of signs. By the classification of twisting homomorphisms, only φα,β are compatible
with a topological supercharge.
Let us denote by {G+i , G−i , Ln, Jn,1, G
+
i , G
−
i , Ln, Jn,1} the generators of the N = (2, 2) superconformal algebra as
in the 2d case of Lemma 3.45. Then:
• The twisting homomorphism φα,β sends the generator of rotations to 12 (αJ0 + βJ0).
• The compatible topological supercharge is Q = G−α−1/2 +G
β
−1/2.
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• The algebra of translations is spanned by L−1 and L−1.
• The generator of rotations is L0 − L0.
We have
[Q,Gα−1/2] = L−1
[Q,G
−β
−1/2] = L−1
[Q,Gα1/2 −G
−β
1/2] = L0 +
α
2
J0 − L0 + β
2
J0.
Thus, we obtain potentials for translations and φα,β-twisted rotations. It is straightforward to check that these
satisfy the equations for a potential of affine transformations.
As a consequence of the previous Proposition and Theorem 3.47, observables in topological twists of N = (2, 2)
superconformal field theories form algebras over the operad of framed little disks.
Example 4.7. An essential early example of twisting occurs for the 2d N = (2, 2) supersymmetric sigma model
associated to a Ka¨hler manifold X [EY90; Wit92]. On the classical level the theory admits an SO(2) × SO(2)
R-symmetry group. Let us denote the diagonal embedding by SO(2)V and the antidiagonal embedding by SO(2)A.
If X is not Calabi-Yau, only a discrete subgroup of SO(2)A acts on the quantum level.
The space of topological supercharges up to rescaling and Lorentz symmetry consists of four points we denote
by QA, Q
†
A, QB , Q
†
B (see e.g. [Hor+03, Chapter 13]). The supercharges QB , Q
†
B are compatible with the twisting
homomorphism SO(2) → SO(2)A (i.e. φ1,−1) and the supercharges QA, Q†A are compatible with the twisting
homomorphism SO(2)→ SO(2)V (i.e. φ1,1). Moreover, the supercharges QB , Q†B extend to a twisting datum using
SO(2)V and QA, Q
†
A extend to a twisting datum using SO(2)A.
Thus, we see that if X is not Calabi-Yau, the B-twists give rise to a Z-graded theory which is merely framed while
the A-twists give rise to a Z/2-graded theory which is oriented.
A calculation of these twists in the language of this paper in terms of E2-algebras appearing as twists of the chiral
de Rham complex was done by Ben-Zvi, Heluani and Szczesny [BZHS08].
Example 4.8. One can also consider twists of N = (2, 2) supersymmetric Yang–Mills in two dimensions. Calcula-
tions for this topologically twisted theory on a general oriented surface appear for instance in [MMO14], who show
that the the stress-energy tensor is Q-exact (equation 2.9 in loc. cit.).
4.3 Dimension 3
The Lorentz group is Spin(3) ∼= SU(2). The vector representation is V = C3 and the spinor representation is
S = C2. We have an isomorphism of representations
Sym2(S) ∼= V.
Pick a vector space W equipped with a non-degenerate symmetric bilinear pairing. Then the supertranslation
algebra is
T = V ⊕Π(S ⊗W )
where dim(W ) = N. The R-symmetry group GR in this case is O(N).
Lemma 4.9. A supercharge Q ∈ S ⊗W is square-zero if and only if the the image of Q : S∗ → W is a totally
isotropic subspace WQ ⊂W .
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Proof. The image of Q : S∗ →W is totally isotropic if and only if the composite
Sym2(S∗)
Sym2(Q)−−−−−−→ Sym2(W ) −→ C
is zero, where the second map is given by applying the pairing on W .
Similarly, the supercharge Q is square-zero if and only if the above composite considered as an element of Sym2(S)
gives the zero element under the projection Sym2(S) → V , but the latter map is an isomorphism, so the two
conditions are equivalent.
The R-symmetry group acts transitively on the set of totally isotropic subspaces of a given rank while the complex-
ified Lorentz group acts transitively on the set of subspaces in S∗. So, the orbits of square-zero supercharges are
classified by their rank.
The maximal supersymmetry possible for theories with fields of spin ≤ 1 is N = 8.
N = 1: There are no square-zero supercharges.
N = 2: Q has to have rank 1. These supercharges have 2 invariant directions.
Twisting homomorphisms: There are no twisting homomorphisms for the full group Spin(3). If we choose a
subgroup Spin(2) ⊆ Spin(3) acting on a subspace of codimension 1 then there is a twisting homomorphism for each
degree d ∈ Z. There is a unique holomorphic-topological square-zero supercharge compatible with the two twisting
homomorphisms of degree ±1.
Z-gradings: All supercharges can automatically be promoted to twisting data using the inclusion SO(2) → O(2).
Since O(2) is abelian, the twisting data commutes with twisting homomorphisms.
Example 4.10. One can obtain Chern–Simons theory as a deformation of the holomorphic twist of the pure N = 2
super Yang–Mills theory in dimension 3, see [Aga+17] which also discuss the theory coupled to a chiral multiplet.
N ≥ 3:
Square-zero supercharges:
1. Rank 1. We are in the situation of the holomorphic-topological N = 2 twist. These supercharges have 2
invariant directions.
2. Rank 2 which is possible only for N ≥ 4. These supercharges are topological.
Remark 4.11. If N = 4, an isotropic embedding S∗ ↪→ W is Lagrangian. A Lagrangian embedding defines a
volume form on W . If we consider the R-symmetry group SO(4) ⊆ O(4), it also defines a volume form on W and
we can compare the signs of the two volume forms. In particular, the space of Lagrangians in W has two orbits
under the SO(4)-action, so we get two inequivalent supercharges.
Twisting homomorphisms:
1. N = 3: There is a unique twisting homomorphism given by the projection Spin(3)→ SO(3), but there are no
supercharges compatible with this twist.
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2. N = 4: The inclusions i1, i2 : SU(2) → Spin(4) ∼= SU(2) × SU(2) → SO(4) into the first and second factor
are twisting homomorphisms. There is a unique topological supercharge of rank 2 compatible with each i1
and i2. These twisting homomorphisms are obtained by restricting an N = 2 twisting homomorphism in four
dimensions down to three dimensions.
Note that these twisting homomorphisms are equivalent if we consider the R-symmetry group O(4) instead
of SO(4) (see also Remark 4.11). Usually only SO(4) acts on a supersymmetric field theory, so these twisting
homomorphisms will typically yield different twisted theories, as we will see in Example 4.13 below.
3. N > 4: According to the Jacobson–Morozov theorem twisting homomorphisms φ : SU(2) → Spin(N) are
determined by a choice of nilpotent element e in the Lie algebra so(N) (uniquely up to conjugation by the
centralizer of e). Up to conjugation such nilpotent elements are determined by partitions of N 2, which
determine in turn how the defining representation W of so(N) splits as an sl(2)-representation. There is
a compatible topological supercharge if under this splitting there is at least one 2-dimensional irreducible
summand, i.e. if the partition of N includes at least one 2. For instance for N = 8 there are four possible
twisting homomorphisms with this property up to conjugation (see [CM93, Example 5.3.7]).
Z-gradings: It is always possible to choose a homomorphism U(1)→ O(N) so that a given supercharge has weight
one, i.e. all supercharges can be promoted to twisting data. If N = 4, then these twisting data can be made
compatible with the twisting homomorphisms by extending i : SU(2) → SO(4) to SU(2) × U(1) → SO(4) using a
maximal torus in the other copy of SU(2). The SU(2)-fundamental summand in W then has α-weight one.
As in dimension 2, in the superconformal situation we can find potentials for the twisted rotation action.
Proposition 4.12. Let Q be the N = 4 topological supercharge compatible with the twisting homomorphism
φ = i1. Then there exists a potential for affine transformations in the 3d N = 4 superconformal algebra.
Proof. Recall that the odd part of the superconformal algebra can always be written as Σ ⊕ Σ∗. In dimension 3
explicitly, as an so(3)⊕ gR-representation we can write
Σ⊕ Σ∗ ∼= (S ⊗W )⊕ (S ⊗W ).
We can restrict the so(3)⊕ gR-action in the N = 4 case to an action of the subalgebra so(3)tw ⊕ so(3)2, where gR
splits as so(3)1⊕ so(3)2 and so(3)tw is embedded in so(3)⊕ gR using the twisting homomorphism, i.e. using (1, i1).
As an so(3)tw ⊕ so(3)2-representation we can decompose Σ⊕ Σ∗ as
Σ⊕ Σ∗ ∼= ((V ⊕ C)⊗ S2)⊕ ((V ⊕ C)⊗ S2)
where V is the vector representation of so(3)tw and S2 is the spin representation of so(3)2.
With respect to this decomposition Q is a non-zero element of C⊗S2 ⊆ Σ. Choose a non-zero spinor s ∈ SR which
is not parallel to Q. We can then define a potential for the translation action to be the subalgebra a = V ⊗ s ⊆ Σ,
and a potential for the rotation action to be the subalgebra a˜ = V ⊗ s ⊆ Σ∗. These two subalgebras are abelian, we
just need to verify that they satisfy the conditions for a potential for affine transformations as in Definition 3.48.
By construction the potentials transform correctly under the action of so(3)tw.
Recall that the bracket
[Σ,Σ∗] ⊆ C ·D
is antisymmetric and the bracket
[Σ,Σ∗] ⊆ so(3)⊕ gR
is symmetric. Therefore [a, a˜] = 0.
2More specifically, nilpotent orbits are in bijection with partitions of N where even numbers occur with even multiplicity, with the
complication that partitions consisting entirely of even elements correspond to two nilpotent orbits [CM93, Chapter 5].
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It remains to check that Q carries a and a˜ isomorphically onto the algebras of translations and rotations respectively.
This is clear for a. Since Q is scalar with respect to so(3)2, the map
[Q,−] : a˜ ∼= so(3) −→ so(3)⊕ gR
takes the form (id, αι1) for some constant α. But [Q, [Q, a˜]] = 0 from which we deduce that α = 1, i.e. a˜ is the
primitive of ι1-twisted rotations.
Example 4.13. The 3d N = 4 supersymmetric σ-model with target a hyperKa¨hler manifold admits the R-
symmetry group SO(3) ⊂ SO(4) obtained by quotienting by Z/2 the embedding i1 : SU(2) → Spin(4). Let us
explain the classification of topological supercharges in this case. Recall that rank 2 supercharges correspond to
Lagrangians S∗ → W . The space of Lagrangians in W is isomorphic to CP1 unionsq CP1. The action of SO(3) ⊂ SO(4)
on the first CP1 is trivial and on the second CP1 ∼= S2 is given by rotations. Thus, the space of orbits is CP1 unionsq pt.
The CP1 of topological twists is compatible with the twisting homomorphism i1 and admits a description in terms
of the Rozansky–Witten theory [RW97]. Note that it does not extend to a twisting datum, so this theory is only
naturally Z/2-graded. The extra point corresponds to the “twisted” Rozansky–Witten theory which is Z-graded,
but is incompatible with any twisting homomorphism. This twist in certain cases admits a description in terms of
the 3d A-model as defined by Kapustin and Vyas [KV10].
Example 4.14. More generally, one can construct three-dimensional N = 4 supersymmetric gauged sigma models
with target a hyperka¨hler manifold [GW10]. If the target is flat, then this theory is superconformal. Kapustin and
Saulina [KS09a] compute the twist of this theory with respect to the twisting homomorphism i1. This theory is
defined on general oriented 3-manifolds, and is equivalent to a gauged version of Rozansky–Witten theory. Boundary
conditions for this twist in various examples, along with its 3d mirror – the other twist via i2 – are discussed in
[Gai16].
Example 4.15. We can also discuss twists of N = 4 supersymmetric Yang–Mills theories in three dimensions. As
in the case of supersymmetric sigma models, there are two mirror possibilities, both defined on arbitrary oriented
three-manifolds. These twists have been studied by Blau and Thompson. The twist by the twisting homomorphism
i1 was studied in [BT93]. It arises via dimensional reduction from the Donaldson–Witten twist of N = 2 gauge
theory in dimension 4 (Example 4.20 below), has Q-exact stress-energy tensor and an action functional of BF theory
type. This twist can be used to compute the Casson invariant of a 3-manifold. The other twist, using i2, has been
analysed in [BT97], where it was shown that its stress-energy tensor is Q-exact (see [BT97, equation 4.45].
Blau and Thompson also discussed a topological twist of N = 8 three-dimensional super Yang–Mills. Again the the-
ory is defined on arbitrary oriented three-manifolds and has exact stress-energy tensor. The twisting homomorphism
they consider is one of the two where W splits as four copies of the fundamental representation.
Example 4.16. Bullimore, Dimofte, Gaiotto, Hilburn and Kim [Bul+16a; Bul+16b] have analysed the 3d mirror
symmetry relating the Higgs and Coulomb branches of general 3d N = 4 theories. They obtain these branches by
forming successive twists, first by a holomorphic supercharge Q, then by a further square-zero supercharge Q′ so
that Q+Q′ is topological. There are two complications in this story 3.
1. Twisting by Q then by Q′ does not give the same result as twisting by Q + Q′ (i.e. the Rozansky-Witten
and twisted Rozansky-Witten twists of the 3d N = 4 theory). Instead there is a spectral sequence from the
iterated twist that converges to the twist by Q+Q′.
2. One can also consider mass deformations of the 3d N = 4 theory. After performing such deformations only
a central extension of the supersymmetry algebra acts, and in this extension the supercharges Q and Q′ no
longer commute [Bul+16b, section 2.2]. One can however take the twist by Q′ after considering appropriate
invariants for the U(1)-action generated by (Q′)2 (as in the twisted Ω-background).
3These subtleties were explained to us by Philsang Yoo.
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4.4 Dimension 4
The Lorentz group is Spin(4) ∼= SU(2) × SU(2). We denote its irreducible representations by pairs [n,m] of non-
negative integers. The dimension of such a representation is (n+ 1)(m+ 1).
The vector representation V = C4 is the representation [1, 1]. The spinor representations are S+ = C2 of type [1, 0]
and S− = C2 of type [0, 1]. We have an isomorphism
Γ: S+ ⊗ S− ∼→ V.
Pick a vector space W . Then the supertranslation algebra is
T = V ⊕Π(S+ ⊗W ⊕ S− ⊗W ∗),
where dimW = N. The R-symmetry group GR in this case is GL(N;C).
Lemma 4.17. A supercharge Q squares to zero if and only if 〈WQ− ,WQ+〉 = 0, where the subspaces WQ± are as
in Definition 4.1, and where 〈−,−〉 is the natural pairing between W and W ∗.
Proof. Indeed, both conditions are equivalent to the condition that the composite
S∗+ ⊗ S∗−
Q+⊗Q−−−−−−→W ⊗W ∗ −→ C,
where the second map is given by the natural pairing.
Thus, the data of a square-zero supercharge Q is given by specifying a flag WQ+ ⊆ W⊥Q− ⊆ W together with
surjective maps S∗+ → WQ+ and S∗− → WQ− . The R-symmetry group GL(W ) acts transitively on the set of flags
WQ+ ⊆ W⊥Q− ⊆ W . Moreover, the complexified Lorentz group SL(2;C) × SL(2;C) acts transitively on the set of
subspaces of S∗+ and S
∗
−. So, the orbits of square-zero supercharges are classified by their rank.
For any pairs of automorphisms of WQ+ and WQ− we can find an element of GL(W ) which stabilizes this flag and
acts on WQ+ and WQ− by the given automorphisms, so the orbits of square-zero supercharges are classified by their
rank.
Compactification to d = 3 corresponds to the isomorphism S3 ∼= S4+ ∼= S4− of so(3)-representations. The auxiliary
spaces are identified as W 3 = W 4 ⊕ (W 4)∗ with the standard symmetric nondegenerate pairing.
N = 1: A supercharge is square-zero if and only if it has rank (1, 0) or (0, 1). Such a square-zero supercharge is
holomorphic. The stabiliser of such a supercharge is isomorphic to SU(2). These supercharges can be extended to
twisting data using the entire R-symmetry group, which is isomorphic to GL(1;C) = C×.
Example 4.18. The holomorphic twist of N = 1 super Yang–Mills has been studied by Johansen [Joh95] in a
physical context, and later by Costello [Cos13b] in a mathematical context. Johansen refers to the twist using
different but equivalent terminology to that which we have used in this paper: one can consider super Yang-Mills
in an external supergravity background then define the twist by giving a definite non-zero value to the ghost for
the gravitino. The twisted theory is equivalent to holomorphic BF theory and defined on an arbitrary complex
surface. This twisted theory can be deformed by the addition of a Chern–Simons term to the action functional of
a holomorphic-topological 4d theory. Costello proves that this deformed theory admits a perturbative quantization
whose algebra of local observables is Koszul dual to the Yangian for the gauge group.
One can additionally couple the holomorphically twisted deformed N = 1 theory to a chiral multiplet. This twisted
coupled theory is discussed in [Aga+17, Section 5].
Example 4.19. Witten [Wit94] studied the holomorphic twist of mass deformations of N = 2 Yang-Mills theories,
i.e. N = 1 Yang-Mills theories with a massive adjoint chiral multiplet. He shows that these twisted theories are
defined on compact Ka¨hler surfaces, and uses them to compute the Donaldson invariants of such surfaces.
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N = 2:
Square-zero supercharges:
1. Rank (1, 0) and (0, 1): these supercharges are holomorphic.
2. Rank (2, 0) and (0, 2): these supercharges are topological.
3. Rank (1, 1): square-zero supercharges of this type have 3 invariant directions.
Now let us consider twisting homomorphisms. These are homomorphisms SU(2) × SU(2) → GL(2;C). All such
homomorphisms factor through the projection to one of the factors, say the first factor (the other projection is
equivalent under the outer automorphism of Spin(4), although we should note this does not guarantee that the
associated twisted theories are equivalent without a further calculation). There is a unique such map up to post-
composition with an automorphism of GL(2;C).
Twisting homomorphisms:
1. The projection φ = pi1 : SU(2)×SU(2)→ GL(2;C) is a twisting homomorphism. There is a unique compatible
topological supercharge of rank (2, 0).
2. Likewise the projection φ = pi2 : SU(2) × SU(2) → GL(2;C) is a twisting homomorphism. There is a unique
compatible topological supercharge of rank (0, 2).
Z-gradings: We can associate twisting data in GL(2;C) to any square-zero supercharge (a, b). This twisting datum
can be chosen to factor through SL(2;C) for supercharges of type (1, 0) and (1, 1), but not those of type (2, 0),
where we are forced to choose the diagonal C× in GL(2;C). Only the diagonal twisting datum is compatible with
either twisting homomorphism, so only supersymmetric field theories with an action of the full R-symmetry group
GL(2;C) have the potential to twist to a Spin(4)-structured Z-graded theory.
Example 4.20. There is a famous example of a topologically twisted N = 2 theory in four-dimensions: that
of Donaldson–Witten theory as a twist of pure N = 2 super Yang–Mills theory. This was one of the original
motivating examples for the topological twisting procedure as introduced by Witten [Wit88]. One twists the N = 2
gauge theory with respect to a supercharge of type (2, 0) and the compatible twisting homomorphism and obtains
a theory defined on aribtrary oriented 4-manifolds. Its moduli space of classical solutions models the Donaldson
theory moduli space of instantons, and Witten used the twisted theory to interpret Donaldson invariants in terms
of correlation functions.
One can twist such an N = 2 theory coupled to a hypermultiplet valued in some representation R ⊕ R∗ by the
same supercharge and twisting homomorphism [AL95; HPP95]. In particular, for G = SU(2) and the fundamental
hypermultiplet the twisted theory is related to the theory of Seiberg–Witten invariants (this example was also
constructed by Labastida and Marin˜o [LM95]). These twisted theories are still defined on arbitrary oriented four-
manifolds, and the moduli spaces of solutions now model solutions to the generalized monopole equations.
Example 4.21. The holomorphic twist of N = 2 super Yang–Mills was recently discussed by Cautis and Williams
[CW18]. Specifically, they discuss its category of line operators, which are modelled by a coherent version of the
Satake category for the gauge group G (for instance using the same analysis as we will discuss in Example 4.31).
Example 4.22. Kapustin [Kap06] studied a holomorphic-topological twist of N = 2 super Yang–Mills theory
coupled to a hypermultiplet, defined on the product of two Riemann surfaces. This is the twist by a supercharge of
type (1, 1) with respect to a twisting homomorphism from U(1)×U(1)→ GL(2).
We could go on to talk about the N = 3 supersymmetry, but we will not include it. In fact, every representation
of the N = 3 supersymmetry algebra with spins at most one arises by restriction from a representation of the
N = 4 supersymmetry algebra, so if one is interested in renormalizable supersymmetric quantum field theories in
dimension 4, one does not obtain any new physics by considering N = 3 theories. We refer to the discussion in
[Wei00, Section 25.4].
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N = 4:
Square-zero supercharges:
1. Rank (1, 0) and (0, 1): these supercharges are holomorphic.
2. Rank (2, 0) and (0, 2): these supercharges are topological.
3. Rank (1, 1): square-zero supercharges of this type have 3 invariant directions.
4. Rank (2, 1) and (1, 2): square-zero supercharges of this type are topological.
5. Rank (2, 2): square-zero supercharges of this type are topological.
Remark 4.23. This classification of square-zero supercharges also applies for N > 4.
Remark 4.24. A rank (2, 2) supercharge defines embeddings S∗+ ⊆ W and S∗− ⊆ W ∗. The square-zero condition
implies that we have an exact sequence
0→ S∗+ →W → S− → 0.
If we consider the full R-symmetry group GL(4;C), there is a single orbit of rank (2, 2) square-zero supercharges.
However, if we consider only SL(4;C), we obtain a volume form on W . We also have canonical volume forms
on S− and S+. Therefore, we may compare the volume forms using the above exact sequence and this gives an
invariant of such supercharges lying in C×. Therefore, the SL(4;C)-orbits of rank (2, 2) square-zero supercharges
are parametrized by C×.
We can also classify the twisting homomorphisms. There are three twisting homomorphisms from Spin(4) to
GL(4;C) (all of which factor through SL(4;C)) which admit compatible supercharges, up to automorphisms of the
source and target. See Lozano [Loz99] for a discussion of these twists.
Twisting homomorphisms:
1. Kapustin–Witten twist [KW07]: φKW : SU(2)× SU(2) ↪→ GL(4) defined by (A,B) 7→ diag(A,B). This twist
is compatible with a CP1 of topological supercharges. The poles have rank (2, 0) and (0, 2) and the remaining
C× worth have type (2, 2). This twist was previously studied by Marcus [Mar95].
2. Vafa–Witten twist [VW94] (see also [Yam88, Section 3]): φVW : SU(2)×SU(2)→ GL(4) defined by (A,B) 7→
diag(A,A). This twist is also compatible with a CP1 of topological supercharges, all of which have rank (2, 0).
The outer automorphism of Spin(4) turns this into (A,B) 7→ diag(B,B) where now the compatible topological
supercharges have rank (0, 2).
3. Half twist [Yam88, Section 2]: φhalf : SU(2) × SU(2) → GL(4) defined by (A,B) 7→ diag(A, 1, 1). This twist
is compatible with a single topological supercharge of type (2, 0). The outer automorphism of Spin(4) turns
this into (A,B) 7→ diag(B, 1, 1) where now the compatible topological supercharge has rank (0, 2).
Remark 4.25. More generally, for N ≥ 4, twisting homomorphisms from Spin(4) → SL(N;C) are given by N-
dimensional representations of SU(2)× SU(2) with at least one irreducible summand isomorphic to S+ or S−. To
count the twisting homomorphisms one must enumerate the partitions of N− 2 of the form ∑ki=1(mi + 1)(ni + 1),
where mi and ni are non-negative integers.
Z-gradings: We can associate twisting data in SL(4;C) to any square-zero supercharge Q = a + b. We obtain
maps Sa ↪→ W and W  S∗b . Moreover, the square-zero condition implies that the composite is zero. Choose a
U(1)-subgroup of the R-symmetry group SL(4;C) where Sa has weight 1 and S∗b has weight −1. If the supercharge
Q is compatible with one of the above twisting homomorphisms φ, then this U(1) automatically commutes with
the image of φ.
In the N = 4 superconformal case, we can find a potential for affine transformations only for the Kapustin–Witten
twist, and generic compatible topological supercharges of rank (2, 2).
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Proposition 4.26. Let Q be an the N = 4 topological supercharge of rank (2, 2) compatible with the twisting
homomorphism φ = φKW. There is a strict potential for the generator of φ-twisted rotations in the 4d N = 4
superconformal algebra.
Proof. The proof proceeds in the same manner as Proposition 4.12. Recall that the odd part of the superconformal
algebra can always be written as Σ⊕ Σ∗. In dimension 4 explicitly, as an so(4)⊕ gR-representation we can write
Σ⊕ Σ∗ ∼= (S+ ⊗W ⊕ S− ⊗W ∗)⊕ (S+ ⊗W ∗ ⊕ S− ⊗W ).
We can restrict the so(4) ⊕ gR-action in the N = 4 case to an action of the subalgebra so(4)tw defined by the
twisting homomorphism φKW. As an so(4)tw-representation we can decompose the summands Σ and Σ
∗ as
Σ ∼= Σ∗ ∼= (Sym2(S+)⊕ V ⊕ C)⊕ (Sym2(S−)⊕ V ⊕ C)
where S± are the semispin representations of so(4)tw and V is its vector representation.
With respect to this decomposition Q is a linear combination of elements in the two copies of C which is non-
zero under projection onto either factor. We can then define a potential for the translation action to be the
subalgebra a = V ⊆ Σ (say, the first copy), and a potential for the rotation action to be the subalgebra a˜ =
Sym2(S+) ⊕ Sym2(S−) ⊆ Σ∗. These two subalgebras are abelian, we just need to verify that they satisfy the
conditions for a potential for affine transformations as in Definition 3.48. By construction the potentials transform
correctly under the action of so(4)tw.
Just as in the three-dimensional case, consider the bracket [Σ,Σ∗] as a pairing on Σ viewed as an so(4)tw-module.
Recall that the pairing
[Σ,Σ∗] ⊆ C ·D
pairs irreducible summands with themselves and the pairing
[Σ,Σ∗] ⊆ so(4)⊕ gR
pairs the summands S± ⊗ S± and S± ⊗ S∓ with themselves. Therefore [a, a˜] = 0.
It remains to check that Q carries a and a˜ isomorphically onto the algebras of translations and rotations respectively.
This is clear for a. Consider the map
[Q,−] : a˜ ∼= so(4) −→ so(4)⊕ gR
and denote it by (f, φ). Here f is an adjoint-equivariant map so(4)→ so(4). The two projections pi± ◦ f : so(4)→
so(3) can be seen to be non-zero from the explicit formulas for the brackets (see [Min98]) which implies f = id.
Finally [Q, [Q, a˜]] = 0 from which we deduce that a˜ is compatible with the twisting homomorphism φ, which means
φ = φKW, i.e. a˜ is the primitive of φKW-twisted rotations.
Remark 4.27. If we fix coordinates, we can write the potential for rotations explicitly. Choose a basis Q+ai, Q
−
bj for
the space Σ of supercharges and S+ai, S
−
bj for the space Σ
∗ of special supercharges, where a = 1, . . . , 4 ranges over a
basis for W and the dual basis for W ∗ (orthonormal for the metric induced by φKW) and i = 1, 2 over a basis for S±.
In such a basis we can write the CP1 family of topological supercharges as Q(λ:µ) = λ(Q+11 +Q
+
22) + µ(Q
−
31 +Q
−
42).
We are choosing a generic point in this family, so for notational simplicity set λ = µ = 1. To fix a potential, write
U+ = 〈S+11 − S+22, S+12 − S−32, S+12 − S−41〉
and U− = 〈S+21 − S−32, S+21 − S−41, S−31 − S−42〉.
Then in these coordinates we have a˜ = U+ ⊕ U−.
Remark 4.28. Topological supercharges of type (2, 0) or (0, 2) automatically commute with all but 4 special
supercharges in the N = 4 superconformal algebra, so there cannot be potentials for the full algebra so(4) of
rotations. However, one can hope for potentials for the subalgebras so(3) ⊆ so(4) or so(2) ⊕ so(2) ⊆ so(4), so
that twisted theories yield ESO(3)4 − or ESO(2)×SO(2)4 -algebras. For instance for the Kapustin–Witten twist and the
compatible topological supercharges of either type (2, 0) or (0, 2) either the space U+ or the space U− above will
generate a subalgebra of the form [Q,U±] = so(3;C) ⊆ so(4;C).
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Example 4.29. Kapustin’s Example 4.22 defines a holomorphic-topological twist of N = 4 super Yang–Mills theory
when one considers the example of adjoint matter. This is the twist by a supercharge of type (1, 1) with respect to
the Kapustin–Witten twisting homomorphism, defined on a product of two Riemann surfaces.
Example 4.30. The Vafa–Witten twist of N = 4 super Yang–Mills was analysed in [VW94]. They analyse the
twisted theory on general oriented 4-manifolds. Vafa and Witten showed that the partition function of the twisted
theory on M4 computes the Euler characteristic of the moduli space of instantons on M .
Example 4.31. Kapustin and Witten computed a CP1 family of topological twists ofN = 4 super Yang–Mills theory
using the Kapustin–Witten twisting homomorphism in [KW07], defined – generically – on arbitrary oriented 4-
manifolds. More generally they also discuss a larger, CP1×CP1-family of twists which are generally only compatible
with a twisting homomorphism from Spin(2)×Spin(2): the relevant supercharges are generically topological of type
(2, 2), but upon flowing to 0 or ∞ in one or both factors the supercharges degenerate. There are two C× strata of
type (1, 2) and two of type (2, 1), and four special points: one of type (2, 0), one of type (0, 2) and two holomorphic-
topological points of type (1, 1) as in Kapustin’s Example 4.29 above (these dimensionally reduce to topological
theories in dimension 2).
In [EY15] a CP1 family of such twists was analysed from the point of view of derived geometry, keeping track
of algebraic structures. This CP1 arises as the family of topological twists extending a fixed holomorphic twist.
Generically these twists used supercharges of type (2, 2) with poles of type (2, 0) and (1, 2). As such, these theories
can be defined generically only on products of Riemann surfaces, not on all oriented 4-manifolds. The holomorphic
twist was shown to recover the derived moduli stack of G-Higgs bundles, and the family of further topological twists
recovers the derived moduli stack of flat G-bundles and the de Rham stack of holomorphic G-bundles at the two
points 0 and ∞ in CP1. These are the expected moduli stacks from the point of view of the geometric Langlands
program.
Example 4.32. From our point of view we can explain – without needing to do any calculations – the result of Setter
[Set13] that the Vafa–Witten twist and the Kapustin–Witten twist at parameter t = 0 ∈ CP1 become equivalent
after dimensional reduction on a circle. Indeed, there is a topological supercharge of type (2, 0) compatible with both
the Vafa–Witten and Kapustin–Witten twisting homomorphisms. Furthermore precomposing these two twisting
homomorphisms with the inclusion Spin(3)→ Spin(4) they become equivalent. Therefore, as Spin(3)-structured 4d
theories, or as oriented theories after reduction to three dimensions, these two twists are necessarily equivalent.
4.5 Dimension 5
The Lorentz group is Spin(5) ∼= USp(4). Let V = C5 be the vector representation and S = C4 the spinor
representation. We have an equivariant isomorphism
∧2(S) ∼= C⊕ V,
where the summand C → ∧2(S) corresponds to the given symplectic structure on S (that is, it is spanned by the
associated bivector).
Let W be a symplectic vector space. The supertranslation algebra is
T = V ⊕Π(S ⊗W )
where dimW = 2N. The R-symmetry group GR in this case is Sp(2N,C).
Lemma 4.33. A supercharge Q ∈ S⊗W is square-zero if and only if the map Q : W ∗ → S satisfies Q∗piW∗ = λpiS
for some λ ∈ C, where piW∗ and piS are the Poisson bivectors on W ∗ and S respectively.
Proof. The square-zero condition is equivalent to the composite
C piW∗−−−→ Sym2(W ∗) Sym
2(Q)−−−−−−→ Sym2(S) −→ V
being zero. In other words, (Q∗piW∗) : C→ Sym2(S) factors through piS : C→ Sym2(S), i.e. through the kernel of
the pairing.
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Since we only consider supercharges up to scale, we may assume λ = 1.
Compactification to d = 4 corresponds to the isomorphism S5 ∼= S4+ ⊕ S4− as so(4)-representations. The auxiliary
spaces are identified: W 4 = W 5.
N = 1:
Square-zero supercharges: Q has to have rank 1 in which case it automatically squares to zero. These supercharges
have 3 invariant directions. Such supercharges are determined by specifying a embedded lines WQ ⊆W and W ∗Q ⊆ S
as in Definition 4.1. The symplectic group acts transitively on the space of lines, so there is a single orbit of this
type.
Remark 4.34. Suppose Q has rank 2. Then we get an embedding C ∼= ∧2W ∗ ↪→ ∧2S. Since piS has rank 2, this
embedding is never proportional to piS and hence there are no square-zero supercharges of this type.
Twisting homomorphisms: There are no twisting homomorphisms for the full R-symmetry group. There is however
a unique twisting homomorphism from Spin(3) ⊆ Spin(5) for each subgroup induced from a three-dimensional
subspace of V = C5. For each such twisting homomorphism there are two compatible rank 1 (therefore square-zero)
holomorphic-topological supercharges which are interchanged by the action of Spin(5).
Z-gradings: Every square-zero supercharge can automatically be promoted to compatible twisting data using a
suitable maximal torus U(1) ⊆ Sp(2). These twisting data are not compatible with the twisting homomorphism
from Spin(3) These twisting data are not compatible with the twisting homomorphism from Spin(3) because there
is no embedding U(1) ↪→ Sp(2) acting on the defining representation with weight one.
Example 4.35. The holomorphic-topological twist of N = 1 super Yang–Mills in five dimensions is discussed by
Ka¨lle´n and Zabzine [KZ12] (see in particular Section 3.5 of loc. cit.). They define the twisted theory on arbitrary
contact five-manifolds, and in particular the classical solutions to their equations of motion include 5d contact
instantons. This example fits into a more general construction of holomorphic-topological twists of odd-dimensional
gauge theories due to Baulieu, Losev and Nekrasov [BLN98] which we will also mention in examples in seven and
nine dimensions.
N = 2: Pick Q ∈ S ⊗W .
Square-zero supercharges:
1. Rank 1. As in the N = 1 case, these supercharges all square to zero. They have 3 invariant directions.
2. Rank 2. Then Q squares to zero if and only if the image of the induced map S∗ →W is Lagrangian. We have
the following two subcases:
• If the image of the dual map W ∗ → S is symplectic, then the supercharge is topological.
• If the image of the dual map W ∗ → S is Lagrangian, the supercharge has 4 invariant directions.
Since the symplectic group acts transitively on the space of Lagrangian or symplectic subspaces of a given
dimension, there is a single orbit of square-zero supercharges in each case.
3. Rank 3. These supercharges never square to zero.
4. Rank 4. Then Q defines an isomorphism W ∗ → S. The symplectic group acts transitively on the space of
symplectomorphisms, so there is a single orbit of supercharges of this type. This twist is topological.
Twisting homomorphisms:
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1. There is a unique twisting homomorphism given by the embedding of the maximal compact subgroup Spin(5) ∼=
USp(4) → Sp(4;C). As mentioned above, the tensor square of the spin representation S splits as Sym2 S ⊕
V ⊕C, so there is a unique compatible topological twist corresponding to the rank 4 supercharge given above.
2. There are additional interesting partial twisting homomorphisms Spin(4) ⊆ Spin(5). We can use any of
the three 4d N = 4 twisting homomorphisms since they all land in Sp(4;C) ⊆ GL(4;C). Their compatible
supercharges are those rank 2 and rank 4 supercharges discussed in the section on 4d N = 4 superalgebras.
Z-gradings: For rank 1 and 2 supercharges one can choose an embedding U(1)→ Sp(4;C) so that they have weight
1, i.e. promote the supercharges to twisting data. These twisting data cannot be chosen compatibly with the partial
twisting homomorphisms from Spin(4). Indeed under the three 4d N = 4 twisting homomorphisms W decomposes
as either S+ ⊕ S−, S+ ⊕ S+ or S+ ⊕ C2 as a Spin(4)-module. In each case the two summands are forced to be
symplectic subspaces, but a twisting datum α : U(1)→ Sp(4) acting on a compatible topological supercharge with
weight one must act on the first summand with weight one in each case, which is impossible.
For rank 4 supercharges there is no compatible twisting datum even independent of twisting homomorphisms, so
these theories are only naturally Z/2 graded.
Remark 4.36. This is the last dimension where there exists a non-zero twisting homomorphism from the full spin
group.
Remark 4.37 (5d Superconformal Theories). There is an N = 1 superconformal algebra in dimension 5, but no
N = 2 superconformal algebra. We might however try to construct potentials for twisted rotations starting from
N = (2, 0) superconformal theories in dimension 6 and reducing on a circle. The only topological supercharge
and compatible twisting homomorphism is the rank 4 supercharge discussed above, but even in the 6d N = (2, 0)
superconformal algebra there is no potential for the twisted so(5)-action. Indeed, under this twisting homomorphism
we can decompose S ⊗W as Sym2(S) ⊕ V ⊕ C with Sym2(S) ∼= so(5) the adjoint representation. Therefore, a
potential for the twisted copy of so(5) would have to be spanned by this summand inside the space of special
supersymmetries. However, this summand is not abelian: the bracket in the supertranslation algebra does not
vanish on Sym2(S). Indeed, for generic elements Q,Q′ ∈ S the bracket [Q ⊗ Q,Q′ ⊗ Q′] = Γ(Q,Q′)ω(Q,Q′) is
nonzero.
Nevertheless, our calculations in 4d N = 4 allow one to construct a potential for so(4) under the Kapustin-Witten
twisting homomorphism with suitable compatible rank 4 supercharges, or even a potential for so(3) under a Spin(4)
twisting homomorphism and a compatible rank 2 supercharge.
Example 4.38. The behaviour of N = 2 super Yang–Mills theory under the Spin(4)-twisting homomorphism
of Donaldson–Witten type was analysed by Anderson [And13], without taking the cohomology by a square-zero
supercharge.
Example 4.39. A holomorphically twisted N = 2 5d Super Yang–Mills theory using the twisting homomorphism
of Anderson was discussed by Qiu and Zabzine [QZ16]. As in the N = 1 theory of Ka¨lle´n and Zabzine discussed
above this theory is defined on contact five-manifolds. The solutions to the equations of motion are related to
the Haydys–Witten equations for connections on a contact five-manifold. The stress-energy tensor is shown to be
Q-exact.
Example 4.40. The topological twist with respect to both the full twisting homomorphism and a Spin(4)-twisting
homomorphism of Kapustin–Witten type, in both cases with the rank 4 topological supercharge, has been studied by
Geyer and Mu¨lsch [GM03] and Bak and Gustavsson [BG15; BG18]. In the case of the full twisting homomorphism
they describe the twisted theory as “5d fermionic Chern–Simons theory”. In other words the action functional in
the twisted theory is of Chern–Simons type but where the fundamental field is not a connection but a spinor-valued
2-form.
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4.6 Dimension 6
The Lorentz group is Spin(6) ∼= SU(4). Let V = C6 be the vector representation. The spinor representations are
given by S+ = C4 and S− = S∗+. We have equivariant isomorphisms
∧2(S+) ∼= V and ∧2 (S−) ∼= V.
Pick symplectic vector spaces W+ and W−. Then the supertranslation algebra is
T = V ⊕Π(S+ ⊗W+ ⊕ S− ⊗W−),
where dimW+ = 2N+ and dimW− = 2N−. The R-symmetry group GR is Sp(2N+,C)× Sp(2N−,C).
Compactification to d = 5 corresponds to the isomorphisms S6+
∼= S6− ∼= S5 as so(5)-representations. The 5d
auxiliary space is W 5 = W 6+ ⊕W 6−.
N = (1, 0):
Square-zero supercharges: Q has to have rank 1 in which case it automatically squares to zero. These supercharges
are holomorphic.
Twisting homomorphisms: While there are no longer non-trivial twisting homomorphisms from the full spin group,
there are twisting homomorphisms from the subgroup Spin(4) ∼= Spin(3)× Spin(3) given by projection onto either
the first or second factor. In either case there is a unique compatible holomorphic supercharge.
Z-gradings: All non-zero supercharges can be promoted to twisting data using a maximal torus inside the R-
symmetry group. These twisting data are not compatible with the twisting homomorphisms above because there
is no embedding U(1) ↪→ Sp(2) acting on the defining representation with weight one.
Example 4.41. A calculation of a holomorphic twist of N = (1, 0) super Yang-Mills theories in six dimensions is
performed in [BB06].
N = (1, 1):
Square-zero supercharges:
1. Rank (1, 0) and (0, 1): we are in the setting of N = (1, 0) or N = (0, 1) supercharges. These twists are
holomorphic.
2. Rank (1, 1): such supercharges again automatically square to zero. They define lines W ∗Q± ⊆ S± and we have
the following orbits:
• If 〈W ∗Q− ,W ∗Q+〉 = 0, the supercharge has 4 invariant directions.
• If 〈W ∗Q− ,W ∗Q+〉 6= 0, the supercharge is topological.
3. Rank (2, 2). In this case we have rank 2 subspaces W ∗Q± ⊆ S±.
Lemma 4.42. The supercharge Q = Q+ +Q− is square-zero if and only if we have an exact sequence
0 −→W ∗Q+ −→ S+ −→WQ− −→ 0
compatible with the volume forms on WQ± and S+.
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Proof. As before, Q2± is equal to the image of the Poisson bivector on W
∗
Q± under the map ∧2W ∗Q± → ∧2S± ∼=
V . Therefore, Q is square-zero if and only if the two elements of V are opposite.
Let W⊥Q− ↪→ S+ be the kernel of S+ ∼= S∗− →WQ− which inherits a volume form from S+ and WQ− . Then we
may identify the image of ∧2W ∗− → ∧2(S+)∗ ∼= ∧2S+ with the image of ∧2W⊥Q− → ∧2S+. So, the square-zero
condition is equivalent to the equality W⊥Q− = W
∗
Q+
equipped with their natural volume forms.
This supercharge has 5 invariant directions: the image of Q is given by the orthogonal complement to the
isotropic line ∧2W ∗Q+ ⊆ ∧2S+ ∼= V .
Twisting homomorphisms: Again, there are non-trivial twisting homomorphism from Spin(4) ∼= Spin(3)× Spin(3).
Such twisting homomorphisms are equivalent to homomorphisms SU(2)× SU(2)→ SL(2;C)× SL(2;C).
1. The identity twisting homomorphism admits a CP1 family of compatible supercharges. These supercharges
are generically topological, with the exception of the points 0 and ∞ which are holomorphic supercharges of
rank (1, 0) and (0, 1) respectively.
2. The projection onto the first factor admits a unique compatible holomorphic supercharge of rank (1, 0).
3. The projection onto the second factor admits a unique compatible holomorphic supercharge of rank (0, 1).
Additionally, any supercharge is compatible with the trivial twisting homomorphism from its stabilizer. Maximally,
one can choose a topological supercharge with stabilizer isomorphic to U(3) ⊆ SU(4) to obtain twisted theories
which are U(3)-structured.
Z-gradings: All supercharges except for the one of rank (2, 2) can be promoted to twisting data using the diagonal
embedding U(1) → Sp(2;C) × Sp(2;C). This twisting datum is only compatible with trivial twisting homomor-
phisms.
Example 4.43. There is a topological twist of N = (1, 1) super Yang–Mills theory in six dimensions arising via
dimensional reduction of an eight-dimensional topological twist (see Example 4.47 below) [AOS97; BLN98]. This
theory is defined on arbitrary Ka¨hler threefolds.
N = (2, 0):
Square-zero supercharges:
1. Rank (1, 0): we get the holomorphic N = (1, 0) twist.
2. Rank (2, 0): Q squares to zero if and only if the image of S∗+ →W+ is Lagrangian. These supercharges have
5 invariant directions.
Twisting homomorphisms:
1. There is now a unique twisting homomorphism from Spin(5) ⊆ Spin(6) given by the embedding of the maximal
compact subgroup USp(4) → Sp(4;C), paralleling the case of 5d N = 2. There is, however, no compatible
square-zero supercharge.
2. There is a unique injective twisting homomorphism from Spin(4) ∼= SU(2) × SU(2) → Sp(4;C). There is a
CP1 family of compatible supercharges. Again they are generically of rank 2, except for the points 0 and ∞
which have rank 1.
3. For any twisting homomorphism from Spin(4) that factors through projection onto the first or second factor
there is a unique compatible rank 1 holomorphic supercharge.
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Z-gradings: Again all supercharges can be promoted to twisting data by suitably embedding SO(2) into the R-
symmetry group. This twisting datum cannot, however, be chosen compatibly with the Spin(4) twisting homomor-
phisms above for the reasons discussed in the example of 5d N = 2.
Example 4.44. There is a famous N = (2, 0) superconformal field theory in six dimensions which does not
admit a Lagrangian description, but which dimensionally reduces to N = 2 supersymmetric gauge theory in five
dimensions [Wit96]. Twists of this theory are discussed in the abelian case – where there is an action functional – by
Anderson–Linander [AL14] and Gran–Linander–Nilsson [GLN14] in the case of the non-full-rank Spin(4) twisting
homomorphism, and by Bak and Gustavsson [BG15] with respect to the Spin(5) and full rank Spin(4) twisting
homomorphisms.
Remark 4.45 (Superconformal Theories). In dimension 6, as we saw in Remark 4.37 in dimension 5, there is no
way of building a potential for a twisted so(5)-action using the superconformal action. However, as we noted in the
remark above one will be able to construct potentials for twisted so(3) and so(4) actions with respect to compatible
holomorphic-topological supercharges of rank 2.
We might also note that since there are no topological supercharges in the N = (1, 0) and N = (2, 0) supersymmetry
algebras, there are no examples in our range to which we can apply Theorem 3.47. However, there are topological
supercharges in the N = (k, 0) supersymmetry algebra for k > 2, so if one considers superconformal theories with
fields of spin greater than 1 there will exist topological twists which automatically define E6-algebras. There do exist
N = (4, 0) superconformal theories of gravitational type in dimension 6: the linear such theories were constructed
by Hull [Hul00; Hul01] and there is some speculation in the literature regarding non-linear versions analogous to
the (2, 0) theory [CGR12; Bor18].
4.7 Dimension 7
For the first time the Lorentz group Spin(7) does not admit an alternative description via an exceptional isomor-
phism. Let V = C7 be the vector representation and let S = C8 be the spin representation. Then we can decompose
the exterior square of S as
∧2(S) ∼= V ⊕ so(7).
Pick a symplectic vector space W . The supertranslation algebra is
T = V ⊕Π(S ⊗W ),
where dimW = 2N. The R-symmetry group GR is Sp(2N;C).
Compactification to d = 6 corresponds to the isomorphism S7 ∼= S6+ ⊕ S6− of so(6)-representations. The auxiliary
space is W 6+ = W
6
− = W
7.
Let us recall the following description of Spin(7). There is a triple cross product on the octonions which we denote
by x× y × z for x, y, z ∈ O. Then Spin(7) ⊆ SO(O) can be described as the subgroup preserving a 4-form
Φ(x, y, z, w) = (x, y × z × w)
on O. The morphism Spin(7)→ SO(O) gives the 8-dimensional spin representation S = O⊗RC. The 7-dimensional
vector representation VR can be identified with the imaginary quaternions and the morphism
∧2(O)→ Im(O) ∼= VR
is the cross product, defined as the imaginary part of the octonionic product.
In what follows we will write a for the octonionic conjugate of a (complexified) octonion a, Tr(a) = a + a for the
octonionic trace, and N(a) = a · a for the octonionic norm. Note that a complexified octonion a is a zero-divisor if
and only if N(a) = 0. The spinor pairing S ⊗S → C is the bilinear pairing associated to the quadratic form N(−).
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In dimensions 7 to 10 we will understand the orbits in the space of square-zero supercharges using Igusa’s classi-
fication of spinors in dimensions up to 12 [Igu70] – recall that dimension 7 is the minimal dimension where there
are non-trivial pure spinor constraints. In all cases, there is a unique orbit in S (in odd dimensions) or S+ (in even
dimensions) consisting of pure spinors, and this orbit has minimal dimension [Che95]. Igusa classifies the other
orbits and their stabilizers.
N = 1:
Square-zero supercharges:
1. Rank 1. Any Q = s ⊗ w ∈ S ⊗W square to zero. According to Igusa [Igu70, Proposition 4] there are two
orbits consisting of pure and impure spinors respectively.
• Suppose N(s) = 0. Then Q satisfies the constraint defining a pure spinor, so it has 4 invariant directions.
• Suppose N(s) 6= 0. Then Q is a topological supercharge.
2. Rank 2. Let Q = s1 ⊗ w1 + s2 ⊗ w2 where {w1, w2} is a symplectic basis of W . Then Q2 = 0 if and only
if s1 × s2 = 0. In particular, N(s1) = N(s2) = 0, i.e. both s1 and s2 are pure spinors. Let L ⊆ V be the
nullspace of s1. Then we can identify
S ∼= (C⊕ L⊕ ∧2L⊕ ∧3L)⊗ det(L)−1/2
as representations of Spin(V )L ⊆ Spin(V ), where Spin(V )L ∼= ML(L) n GL is the stabilizer of L ⊆ V . The
vector-valued spinor pairing ∧2(S)→ V ∼= L⊕ L∗ ⊕ C has the following components:
• The L-component is given by pairing L⊗ det(L)−1/2 and ∧3L⊗ det(L)−1/2.
• The L∗-component is given by pairing C⊗ det(L)−1/2 and
∧2L⊗ det(L)−1/2 ∼= L∗ ⊗ det(L)1/2.
• The C-component is given by pairing C⊗ det(L)−1/2 and ∧3L⊗ det(L)−1/2.
Thus, s2 ∈ S such that s1 × s2 = 0 lie in the subspace
(L∗ ⊕ C)⊗ det(L)1/2 ∼= (∧2L⊕ ∧3L)⊗ det(L)−1/2 ⊆ S.
Using the Sp(W )-action on Q we can arrange that s2 ∈ L∗ ⊗ det(L)1/2 ⊆ S. Since we assume s2 is nonzero,
the space of such is permuted by the subgroup SL(L) ⊆ Spin(V ) which fixes s1. These supercharges have 5
invariant directions given by the span of L⊕C ⊆ V and the line in L∗ ⊆ V determined by s2 ∈ L∗⊗det(L)1/2.
Twisting homomorphisms: Supercharges are automatically compatible with the zero twisting homomorphism from
their stabilizer, which for a topological rank 1 supercharge is isomorphic to G2. There are two twisting homo-
morphisms from the subgroup Spin(4) ⊆ Spin(7) admitting compatible supercharges, given by the two projections
Spin(4)→ SU(2). Each of these supercharges admits compatible rank 2 supercharges.
Z-gradings: Square-zero supercharges of rank 1 can automatically be promoted to compatible twisting data using
a suitable maximal torus U(1) ⊆ Sp(2;C). This twisting datum is automatically compatible with the zero twisting
homomorphism. Supercharges of rank 2 cannot be promoted to a twisting datum, so the corresponding twisted
theory is merely Z/2-graded.
Example 4.46. The G2-structured rank 1 topological twist of 7-dimensional N = 1 super Yang–Mills studied by
Acharya, O’Loughlin and Spence [AOS97] as a dimensional reduction of an 8-dimensional Spin(7)-structured theory
(see Example 4.47 below).
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4.8 Dimension 8
The Lorentz group is Spin(8). Let V = C8 be the vector representation. One also has S+ = C8 and S− = C8 the
two semi-spin representations. The three representations (V, S+, S−) are exchanged under the outer automorphism
group (triality). We have a decomposition
S+ ⊗ S− ∼= V ⊕ Z,
where Z is the irreducible 56-dimensional representation generated by the highest weights of S+ and S−.
Pick a vector space W . The supertranslation algebra is
T = V ⊕Π(S+ ⊗W ⊕ S− ⊗W ∗),
where dimW = N. The R-symmetry group GR is GL(N;C).
Compactification to d = 7 corresponds to the isomorphisms S7 ∼= S8+ ∼= S8− of so(7)-representations. The auxiliary
space is W 7 = W 8 ⊕ (W 8)∗ with the standard symplectic structure.
Let us recall a description of Spin(8). One can identify Spin(8) as the subgroup of triples {(A1, A2, A3)} ∈ SO(O)3
such that A1(a1)×A2(a2)×A3(a3) = 1 for all a1, a2, a3 ∈ O such that a1 × a2 × a3 = 1. The two (real) semi-spin
representations and the (real) vector representation can be identified with the three projections Spin(8) → SO(O)
coming from this description. The complex semi-spin and vector representations are their complexifications.
The Γ-pairing S+ ⊗ S− → V is identified with the complexification of the octonion multiplication map.
N = 1: Let Q = Q+ +Q− ∈ S+ ⊕ S− be a pair of complexified octonions.
Square-zero supercharges:
1. Rank (1, 0) and (0, 1): such supercharges automatically square to zero. According to Igusa [Igu70, Proposition
1] there are two orbits consisting pure and impure spinors respectively. Concretely:
• N(Q) = 0, i.e. it is a pure spinor. Such a supercharge is holomorphic.
• N(Q) 6= 0. Such a supercharge is topological.
2. Rank (1, 1). Since Q+ ·Q− = 0, we have N(Q+) = N(Q−) = 0, i.e. both Q+ and Q− are pure spinors. Let
L ⊆ V be the nullspace of Q+. Then we can identify
S+ ∼= (C⊕ ∧2L⊕ ∧4L)⊗ det(L)−1/2
S− ∼= (L⊕ ∧3L)⊗ det(L)−1/2
as representations of Spin(V )L ⊆ Spin(V ) where Spin(V )L ∼= ML(L) n ∧2L is the stabilizer of L ⊆ V . The
vector-valued spinor pairing S+ ⊗ S− → V ∼= L⊕ L∗ has the following components:
• The L-component is given by pairing ∧4(L)⊗ det(L)−1/2 ⊆ S+ and L⊗ det(L)−1/2 ⊆ S−.
• The L∗-component is given by pairing C⊗ det(L)−1/2 ⊆ S+ and ∧3(L)⊗ det(L)−1/2 ⊆ S−.
Thus, Q− ∈ S− such that Γ(Q+, Q−) = 0 lie in the subspace
∧3(L)⊗ det(L)−1/2 ⊆ S−.
Since we assume Q− is nonzero, the space of such is permuted by the subgroup SL(L) ⊆ Spin(V ) which fixes
Q+. These supercharges have 5 invariant directions given by the span of L ⊆ V and the line in L∗ ⊆ V
determined by Q− ∈ L∗ ⊗ det(L)1/2.
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Twisting homomorphisms: As we mentioned in the previous section, supercharges are automatically compatible with
the zero twisting homomorphism from their stabilizer. For instance, in the case of rank (1, 0) or (0, 1) supercharges
we have the following. For a topological supercharge it is isomorphic to Spin(7), and for a holomorphic supercharge
(pure spinor) is isomorphic to SU(4) [Cha97, Theorem 3.1.10].
Z-gradings: Every rank (1, 0) or rank (0, 1) square-zero supercharge can be promoted to compatible twisting data
using the maximal torus U(1) ⊆ GL(1). These twisting data are automatically compatible with the zero twist-
ing homomorphism. The rank (1, 1) supercharges cannot be promoted to a compatible twisting datum, so the
corresponding twisted theory is merely Z/2-graded.
Example 4.47. Acharya, O’Loughlin and Spence [AOS97] studied the topological rank 1 twist of N = 1 supersym-
metric Yang–Mills defined on all 8-manifolds with a Spin(7)-structure, in particular verifying that the gravitational
stress-energy tensor is Q-exact. They discuss a connection to the theory of Spin(7)-instantons, and discuss the
reduction to 7- and 6-dimensional theories. These theories were additionally studied by Baulieu, Kanno and Singer
[BKS98]. It would be interesting to describe concretely the BV complex of this twisted theory, which would allow
one to check for the existence of a homotopically trivial dilation action.
To our knowledge, theories twisted by rank (1, 1) supercharges have not been discussed in the literature.
4.9 Dimension 9
The Lorentz group is Spin(9). Let V = C9 be the vector representation and S = C16 the spin representation. Then
Sym2(S) ∼= C⊕ V ⊕ Z,
where Z is the irreducible 126-dimensional representation generated by the highest weight of Sym2(S).
Pick a vector space W equipped with a symmetric nondegenerate pairing. The supertranslation algebra is
T = V ⊕Π(S ⊗W ),
where dimW = N. Since we restrict to the case where there are no fields of spins greater than one, N = 1 and the
R-symmetry group GR is O(1) ∼= Z/2.
Compactification to d = 8 corresponds to the isomorphism S9 ∼= S8+ ⊕ S8− of so(8)-representations. The auxiliary
space is W 8 = W 9.
One can describe the group Spin(9) explicitly as the subgroup of SO(O2) that preserves a certain 8-form Φ described
by Berger [Ber55]. Consider a set of elements J1, . . . , J9 of SO(O2) defined by
J1 =
(
0 Id
Id 0
)
, Ji =
(
0 −Rei−1
Rei−1 0
)
, J9 =
(
Id 0
0 −Id
)
where i = 2, . . . , 8 and Rx denotes right multiplication by the octonion x. For each pair 1 ≤ i, j ≤ 9 define a 2-form
by ωij = dx
k ∧ JiJjdxk. The 8-form Φ is the t5 coefficient of the characteristic polynomial of the 9x9 matrix (ωij)
of 2-forms (this construction was given by Parton and Piccinni [PP12]). This map Spin(9) → SO(16) defines the
(real) spin representation SR in 9-dimensions, whose complexification is S.
N = 1: Square-zero supercharges: Fix a supercharge (Q,Q′) in (O ⊗R C)⊕2. It squares to zero if it squares to
zero viewed as an 8d N = 1 supercharge, i.e. if Q ·Q′ = 0, plus the additional condition N(Q) −N(Q′) = 0. The
first condition implies N(Q) = N(Q′), so in fact (Q,Q′) squares to zero in 9d if and only if it squares to zero in 8d.
Using the 10d pairing Γ10 that we will describe in the next section, this implies that every supercharge (Q,Q
′) is
pure. These supercharges have 5 invariant directions.
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Twisting homomorphisms: Pure spinors in 9 dimensions are again stabilized by SU(4) ⊆ Spin(9), so they are
compatible with the zero twisting homomorphism from SU(4).
Z-gradings: Since the R-symmetry group is discrete in this dimension, twisted theories will only be Z/2-graded.
Example 4.48. A 9-dimensional twist of N = 1 super Yang–Mills theory is described by Baulieu, Losev and
Nekrasov [BLN98] on manifolds of the form X × S1 where X is a Spin(7) 8-manifold. They verify that the
Lagrangian density of this theory is Q-exact.
4.10 Dimension 10
The Lorentz group is Spin(10). Let V = C10 be the vector representation and S+ = C16, S− = C16 the spin
representations. We have
Sym2(S+) ∼= V ⊕ Z+, Sym2(S−) ∼= V ⊕ Z−,
where Z+ and Z− are the 126-dimensional representations generated by the highest weights.
Pick a pair of vector spaces W+,W− equipped with symmetric nondegenerate pairings. The translation part of the
supersymmetry algebra is
T = V ⊕Π(S+ ⊗W+ ⊕ S− ⊗W−),
where dimW+ = N+ and dimW− = N−. Since we restrict to the case where there are no fields of spins greater
than one, we only consider the cases N = (1, 0) or N = (0, 1). In either case the R-symmetry group GR is Z/2.
Compactification to d = 9 corresponds to the isomorphism S9 ∼= S10+ ∼= S10− of so(9)-representations. The auxiliary
space is W = W+ ⊕W−.
In Lorentzian signature the group Spin(1, 9) can be identified as the special linear group SL(2;O) for the octonions, as
explained in [Del99, Chapter 6]. The Majorana–Weyl spinor representation SR+ can be identified as the fundamental
representation O2, so after complexification the Weyl spinor representation can be identified as S+ = (O ⊗R C)2.
In these terms the vector-valued pairing Γ10 : S+ ⊗ S+ → V is written as
Γ10((Q1, Q
′
1), (Q2, Q
′
2))
= (Q1 ·Q′2 +Q′1 ·Q2,Tr(Q1 ·Q2)− Tr(Q′1 ·Q′2),Tr(Q1 ·Q2) + Tr(Q′1 ·Q′2))
where Q1, Q
′
1, Q2, Q
′
2 are viewed as complexified octonions and the first term on the right hand side is defined in
terms of the complexified octonionic multiplication map.
Remark 4.49. We obtain the 8d and 9d vector-valued pairings by projecting the pairing Γ10 onto the first 8 or
first 9 components.
N = (1, 0): Square-zero supercharges:
A spinor (Q,Q′) squares to zero if Q · Q′ = 0, N(Q) = 0 and N(Q′) = 0. According to our discussion above in
the 8-dimensional case, this occurs when Q = a + ib for orthogonal octonions a and b with the same norm and
Q′ = Q · x for some complexified octonion x, possibly zero, or similarly with Q and Q′ reversed.
Such square-zero supercharges are always pure, and therefore always holomorphic as we discussed in Section 3.4.
These spinors all lie in the same Spin(10) orbit.
Twisting homomorphisms: The stabilizer of a pure spinor in 10 dimensions is isomorphic to SU(5) ⊆ SO(10) by
[Cha97, Theorem 3.1.10], so every holomorphic supercharge is compatible with the zero twisting homomorphism
from SU(5).
Z-gradings: Since the R-symmetry group is discrete in this dimension, twisted theories will again only be Z/2-
graded.
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Example 4.50. The holomorphic twist of 10-dimensional maximal super Yang–Mills theory is discussed by Baulieu
[Bau11]. This twist is automatically SU(5)-structured. Baulieu argues that this twisted theory is equivalent to a
5-dimensional holomorphic Chern–Simons theory.
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